
 

Spectrum of Mechanical Engineering and Operational Research, Volume 1, Issue 1 (2024) 177-188 

 

177 
 

 

 

Spectrum of Mechanical Engineering 

and Operational Research 

 

Journal homepage: www.smeor-journal.org     
eISSN: 3042-0288 

 

An Intelligent Decision Support System for Spherical Fuzzy Sugeno-
Weber Aggregation Operators and Real-Life Applications 

 

Abrar Hussain1,*, Kifayat Ullah1 

  
1 Department of Mathematics, Riphah International University (Lahore Campus), 54000, Lahore, Pakistan 

  
  

ARTICLE INFO ABSTRACT 
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This article presents a novel approach to a decision support system for 
handling uncertainty and impreciseness in a large amount of human opinion. 
Sometimes, the aggregation of real-life applications is quite complex due to 
incomplete and redundant information about different preferences or 
alternatives. To handle such type of situations, a spherical fuzzy environment 
is a more effective and feasible framework with four components 
membership, abstinence, non-membership and refusal degree. We also 
formulate some flexible operations of Sugeno-Weber aggregation operators. 
Motivated by the theory of Sugeno-Weber t-norms, we constructed a family of 
mathematical methodologies, including Sugeno-Weber weighted average and 
weighted geometric operators in the light of spherical fuzzy information. An 
appropriate decision-making technique of the multi-attribute decision 
making (MADM) problem is also demonstrated to resolve complicated real-
life applications. A numerical example is used to verify the compatibility and 
effectiveness of discussed mathematical approaches.  
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1. Introduction 

The procedure of Multiple Attribute Decision Making (MADM) involves analyzing a small set of 
possibilities and ranking them according to how credible they are to the decision-maker(s) when all 
the regulations are considered. The rating estimates of each alternative in this process take into 
account both objective data and the subjective opinions of experts. Generally speaking, nevertheless, 
it is anticipated that the information they provided is current. In any case, genuine has several MADM 
difficulties where the data is unclear, missing, or of questionable quality due to the unpredictable 
nature of the framework step by step. The intuitionistic fuzzy set (IFS) framework was created by 
Atanassov [1] to handle it. It specified the degree of imprecision in terms of two functions, referred 
to as membership value (MV) and non-membership value (NMV), with the requirement that their 
sum does not exceed 1. The idea of the fuzzy set (FS) was developed by Zadeh [2], which defined the 
imprecision in an uncertain event with the aid of a single function known as the MV on a scale of 0 
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to 1, was improved by Atanassov's intuitionistic fuzzy model. Decision-makers are constrained by 
Atanassov's IFS in two ways. Firstly, it limits the total of MV and NMV up to a unit interval, making it 
impossible for decision-makers to award these grades on their own. Secondly, it is not applicable to 
situations where the viewpoint has a degree of abstinence in addition to refusal rather than being a 
yes-or-no type proposition. Nevertheless, the researchers employ theories like linguistic interval-
valued IFS  [3], linguistic interval-valued PyFS [4], q-rung orthopair fuzzy set (q-ROPFS) [5], cubic 
intuitionistic fuzzy set [6], Pythagorean fuzzy set (PyFS) [7], picture fuzzy set (PFS) [8], and interval-
valued IFS [9] are employed in order to negotiate the ambiguities in the data. The advantages of these 
extended extensions are that they use MV, NMV, and the degree of hesitation to serve unclear 
information. 

Since Atanassov's IFS has a very limited scope, it cannot be used in circumstances when there are 
more than two possible outcomes, such as yes, abstain, no, and refuse. For this reason, Cuong [10] 
presented the picture fuzzy set (PFS), a generalized model in FS theory that describes four features 
of an imprecise event. For PFS MV can be used to reflect the degree of favoritism, abstinence, dislike, 
and rejection that human opinion can have while making decisions. Similar to Atanassov's IFS, 
Cuong's PFS limits the decision maker from establishing the MVs by their own consent in some way 
by stating that the sum of the three MVs cannot exceed 1. Mahmood et al. [11] established a novel 
theory of the spherical fuzzy set (SFS) by expanding the range of PFS and suggested a solution for the 
limiting structure of PFS. The notion of SFS is expanded upon to encompass the concept of a t-
spherical fuzzy set (T-SFS) with the addition of a parameter t, which allows decision-makers to select 
MVs from any point within the interval [0, 1]. The most generic fuzzy framework available is the T-
SFS to describe human opinion on any imprecise occurrence in a flexible and limitless manner. 

In fuzzy mathematics, MADM is a prominent topic of study. Many fuzzy frameworks handle this 
subject, which is considered among the most important. The MADM process is typically facilitated by 
aggregation operators and, in certain situations, distance and similarity metrics. Numerous 
aggregation operators have already been produced in various environments. For instance, Xu and 
Yager [12-13] provided modified mathematical approaches of weighted averaging (WA) and 
weighted geometric (WG) operators to aggregate information based on IFS and PyFS environments. 
Using the ranking approach, Peng and Yang [14] investigated new PyFS operations like division and 
subtraction to determine superiority and inferiority in MADM situations. Hussain et al. [15] 
constructed hamy mean models taking into account different properties of Dombi t-norms. Ren et 
al. [16] established the concept of the pythagorean fuzzy TODIM method for selecting reliable 
optimal options under various criteria or attributes. By merging Einstein operations, Garg [17] 
examined various mathematical approaches by generalizing the qualities of pythagorean fuzzy 
frameworks. In order to address the MADM difficulties, Kaur and Garg [18] proposed a few operators 
for cubic IFS based on the t-norm. Yang et al. [19] constructed an online purchasing MADM algorithm 
by utilizing Heronian mean operators. However, Liu and Wang [20] defined the WA and WG operators 
within the q-ROPFS framework and examined their applications in MADM. Yang et al. [21] used the 
MADM approach using q-rung orthopair fuzzy information to further study the various 
heterogeneous associations. 

Hussain et al. [22] proposed aggregation operators of Aczel Alsina t-norms to select efficient 
results by the available options. We also examined various mathematical approaches and fuzzy 
terminologies seen in [23-26]. The WA and geometric operators were defined by Garg [27] in the 
context of the PFS environment, while Wang et al. [28] offered several geometric operators to 
address decision-making issues. In contrast, Ullah et al. [29] introduced these operators to the T-SFS. 
In MADM problems, the applicability of various aggregation operations is also discussed. Hussain et 
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al. [30] evaluated various type of solar panels based on multiple features and manufacturing 
materials. 

The above-mentioned operators and measures have all been heavily employed in resolving the 
MADM issues. These studies do, however, reveal that all these algorithms are predicated on the idea 
that the traits under consideration are unrelated to one another. However, it is abundantly clear that 
in our everyday lives, every trait is immediately impacted by others. Consider a decision-making 
problem involving the purchase of a house, for example. The corresponding factors or attributes, 
such as features, price, and location, directly depend on one another. As a result, these properties 
are not taken into account in the method mentioned above. Stated differently, none of the 
aforementioned operators take into account the relationship between the values being used. Hussain 
et al. [31] aggregated some reliable suppliers using prioritization among different criteria or attribute 
information. Yager [32] defined the notion of a power aggregation operator in order to get around 
this problem. The relationship between the information being aggregated is important to power 
aggregation operators. A number of authors have used power aggregation operators to solve 
different MADM issues because of their significance. In a fuzzy context, Xu and Yager [33] presented 
some power WG aggregation operators. Fuzzy power aggregation operators were used by Wei et al. 
[34] to resolve the MADM issue. The power WA and WG operators for PyFS characteristics are 
expressed by Wei and Lu [35]. These power operators with IFS properties were studied by Xu [36]. 

Theory of Sugeno-Weber t-norms developed by two scientists Sugeno [37] and Weber [38]. Later 
on, different research scholars utilized proposed theories of Sugeno-Weber t-norms to resolve real-
life applications [39-41]. The spherical fuzzy set is a more applicable discipline in the fuzzy field that 
is used to capture more tangible pictures by uncertain human opinions and redundant information. 
Motivated by the importance of the decision analysis process and spherical fuzzy framework, we 
constructed feasible mathematical strategies and decision algorithms for the MADM problem as 
follows: 

a) To demonstrate basic notions of the spherical fuzzy framework with some necessary 
operations and properties. 

b) Some feasible operations of Sugeno-Weber t-norms are formulated considering the 
spherical fuzzy environment. 

c) We derived a family of robust mathematical approaches, namely spherical fuzzy Sugeno-
Weber WA (SFSWWA) and spherical fuzzy Sugeno-Weber weighted geometric (SFSWWG) 
operators, to fuse complicated and insufficient information related to human opinion. 

d) A few basic properties also validate the effectiveness and robustness of derived theories 
and aggregation operators. 

e) The numerical examples illustrate the supremacy and applicability of the mathematical 
theories and decision algorithms of the MADM problem. 

The remaining sections of this article are organized as follows: section 2 discussed basic notions 
of Sugeno-Weber t-norms and spherical fuzzy sets with necessary operations. Section 3 
demonstrates research methodologies of Sugeno-Weber aggregation operators in the light of a 
spherical fuzzy environment. Section 4 establishes a robust decision-making technique for the MADM 
problem to validate deduced mathematical methodologies and real-life applications. A case study is 
also discussed to select a suitable optimal option under different conflicting criteria and attribute 
information using derived aggregation operators. Section 5 describes the whole presentation in a few 
comments. 

 

2. Basic Concepts 
This section demonstrates basic concepts related to the presented research work. 



Spectrum of Mechanical Engineering and Operational Research 

Volume 1, Issue 1 (2024) 177-188 

180 
 

 

Definition 1: [42] The shape of the Sugeno-Weber t-norm and t-conorms  are expressed as 
follows: 

℟Ⱦ =

{
 
 

 
 ℟𝐷 (ẩ̿, 𝜗̿) 𝑖𝑓 Ⱦ = −1

𝑚𝑎𝑥 (0,
ẩ̿ + 𝜗̿ − 1 + Ⱦẩ̿𝜗̿

1 + Ⱦ
) 𝑖𝑓 − 1 < Ⱦ < +∞

℟𝑃 (ẩ̿, 𝜗̿) Ⱦ = +∞

 

and 

ṤȾ =

{
 
 

 
 Ṥ𝐷 (ẩ̿, 𝜗̿) 𝑖𝑓 Ⱦ = −1

𝑚𝑖𝑛 (1, ẩ̿ +  𝜗̿ −
Ⱦ

1 + Ⱦ
ẩ̿ 𝜗̿) 𝑖𝑓 − 1 < Ⱦ < +∞

Ṥ𝑃 (ẩ̿, 𝜗̿) Ⱦ = +∞

 

Definition 2: [43] A SFS 𝐴̿ on a non-empty set Ŵ is given by: 

𝐴̿ = {𝒶, (𝒰̿(𝒶), 𝒱̿(𝒶), 𝒴̿(𝒶)) |𝒶 ∈ Ŵ} 

Noted that 𝒰̿: Ŵ → [0,1], 𝒱̿: Ŵ → [0,1] and 𝒴̿: Ŵ → [0,1] denote the membership value, 
neutral value, and non-membership value. The SFS must fulfil the following conditions: 

0 ≤ 𝒰2̿̿ ̿̿ (𝒶) + 𝒱2̿̿ ̿̿ (𝒶) + 𝒴2̿̿ ̿̿ (𝒶) ≤ 1 

The refusal index of a SFS is given by 𝑟(𝒶) = √1 − (𝒰2̿̿ ̿̿ (𝒶) + 𝒱2̿̿ ̿̿ (𝒶) + 𝒴2̿̿ ̿̿ (𝒶)). A spherical 

fuzzy value (SFV) is denoted by 𝔒̿ = (𝒰̿, 𝒱̿, 𝒴̿). 

Definition 3:  [43] For three SFVs 𝔒̿ = (𝒰̿(𝒶), 𝒱̿(𝒶), 𝒴̿(𝒶)) ,𝔒1
̿̿ ̿̿ = (𝒰̿1(𝒶), 𝒱1̿̿ ̿(𝒶), 𝒴̿1(𝒶)) and 

𝔒2
̿̿ ̿̿ = (𝒰2̿̿ ̿̿ (𝒶), 𝒱2̿̿ ̿(𝒶), 𝒴2̿̿̿̿ (𝒶)). Then: 

1) 𝔒1
̿̿ ̿̿ ⊆ 𝔒2

̿̿ ̿̿ , if 𝒰̿1 ≤ 𝒰̿2, 𝒱1̿̿ ̿ ≥ 𝒱2̿̿ ̿ and 𝒴1̿̿̿̿ ≥ 𝒴2̿̿̿̿  

2) 𝔒1
̿̿ ̿̿ = 𝔒2

̿̿ ̿̿ , if 𝔒1
̿̿ ̿̿ ⊆ 𝔒2

̿̿ ̿̿  and 𝔒1
̿̿ ̿̿ ⊇ 𝔒2

̿̿ ̿̿  

3) 𝔒1
̿̿ ̿̿ ∪ 𝔒2

̿̿ ̿̿ = {𝑚𝑎𝑥  (𝒰̿1(𝒶), 𝒰̿2(𝒶)) ,𝑚𝑖𝑛 (𝒱1̿̿ ̿(𝒶), 𝒱2̿̿ ̿(𝒶)) ,𝑚𝑖𝑛 (𝒴1̿̿̿̿ (𝒶), 𝒴2̿̿̿̿ (𝒶)) |(𝒶) ∈ Ŵ} 

4) 𝔒1
̿̿ ̿̿ ∩ 𝔒2

̿̿ ̿̿ = {𝑚𝑖𝑛 (𝒰̿1(𝒶), 𝒰̿2(𝒶)) ,𝑚𝑎𝑥  (𝒱1̿̿ ̿(𝒶), 𝒱2̿̿ ̿(𝒶)) ,𝑚𝑎𝑥  (𝒴1̿̿̿̿ (𝒶), 𝒴2̿̿̿̿ (𝒶)) |(𝒶) ∈

Ŵ} 

5) 𝔒̿𝐶 = (𝒴̿(𝒶), 𝒱̿(𝒶), 𝒰̿(𝒶) ), ∀ (𝒶) ∈ Ŵ 

Definition 4: [43] For three SFVs 𝔒̿ = (𝒰̿, 𝒱̿, 𝒴̿), 𝔒1
̿̿ ̿̿ = (𝒰̿1, 𝒱1̿̿ ̿, 𝒴1̿̿̿̿ ) and 𝔒2

̿̿ ̿̿ = (𝒰2̿̿ ̿̿ , 𝒱2̿̿ ̿, 𝒴2̿̿̿̿ ) with 

₵ > 0. Then, we have: 

1) 𝔒1
̿̿ ̿̿ ⊕ 𝔒2

̿̿ ̿̿ = (√𝒰2̿̿ ̿̿
1 +𝒰2̿̿ ̿̿

2 − 𝒰̿2
1. 𝒰2̿̿ ̿̿

2, 𝒱1̿̿ ̿. 𝒱2̿̿ ̿, 𝒴1̿̿̿̿ . 𝒴2̿̿̿̿ ) 

2) 𝔒1
̿̿ ̿̿ ⨂𝔒2

̿̿ ̿̿ = (𝒰̿1. 𝒰̿2, √𝒱1
2̿̿ ̿̿ + 𝒱2

2̿̿ ̿̿ − 𝒱1
2̿̿ ̿̿ . 𝒱2

2̿̿ ̿̿ , √𝒴1
2̿̿ ̿̿ + 𝒴2

2̿̿ ̿̿ − 𝒴1
2̿̿ ̿̿ . 𝒴2

2̿̿ ̿̿ ) 
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3) ₵𝔒̿ = (√1 − (1 − 𝒰2̿̿ ̿̿ )
₵
, 𝒱̿₵, 𝒴̿₵) 

4) 𝔒̿₵ = (𝒰̿₵, √1 − (1 − 𝒱2̿̿ ̿̿ )
₵
, √1 − (1 − 𝒴2̿̿ ̿̿ )

₵
) 

Definition 5: [43] Let a SFV 𝔒̿ = (𝒰̿, 𝒱̿, 𝒴̿) and score function of 𝔒̿ is expressed as follows: 

𝒮(𝔒̿) =
1

3
(𝒰2̿̿ ̿̿ (𝒶) − 𝒱2̿̿ ̿̿ (𝒶) − 𝒴2̿̿ ̿̿ (𝒶)) , 𝒮(𝔒̿) ∈ [−1,1] 

3. Research Methodologies for Spherical Fuzzy Information 
This section constructed a family of robust mathematical strategies using Sugeno-Weber 

operations and spherical fuzzy information. 

Definition 6: For three SFVs 𝔒̿ = (𝒰̿, 𝒱̿, 𝒴̿), 𝔒1
̿̿ ̿̿ = (𝒰̿1, 𝒱1̿̿ ̿, 𝒴1̿̿̿̿ ) and 𝔒2

̿̿ ̿̿ = (𝒰2̿̿ ̿̿ , 𝒱2̿̿ ̿, 𝒴2̿̿̿̿ ) with Δ >

0. So, we have: 

a) 𝔒1
̿̿ ̿̿ ⨁𝔒2

̿̿ ̿̿ =

(

 
 
 
 
√𝒰1

2̿̿ ̿̿ + 𝒰2
2̿̿ ̿̿ −

Ⱦ

1+Ⱦ
𝒰1
2̿̿ ̿̿ . 𝒰2

2̿̿ ̿̿ ,

√𝒱1
2̿̿ ̿̿ + 𝒱2

2̿̿ ̿̿ −1+Ⱦ𝒱1
2̿̿ ̿̿ .𝒱2

2̿̿ ̿̿

1+Ⱦ
,

√𝒴1
2̿̿ ̿̿ + 𝒴2

2̿̿ ̿̿ −1+Ⱦ𝒴1
2̿̿ ̿̿ .𝒴2

2̿̿ ̿̿

1+Ⱦ )

 
 
 
 

 

b) 𝔒1
̿̿ ̿̿ ⨂𝔒2

̿̿ ̿̿ =

(

 
 
 
 

√𝒰1
2̿̿ ̿̿ + 𝒰2

2̿̿ ̿̿ −1+Ⱦ𝒰1
2̿̿ ̿̿ .𝒰2

2̿̿ ̿̿

1+Ⱦ
,

√𝒱1
2̿̿ ̿̿ + 𝒱2

2̿̿ ̿̿ −
Ⱦ

1+Ⱦ
𝒱1
2̿̿ ̿̿ . 𝒱2

2̿̿ ̿̿ ,

√𝒴1
2̿̿ ̿̿ + 𝒴2

2̿̿ ̿̿ −
Ⱦ

1+Ⱦ
𝒴1
2̿̿ ̿̿ . 𝒴2

2̿̿ ̿̿
)

 
 
 
 

  

c) Δ𝔒̿ =

(

 
 
 
 
 
 
 √

1+Ⱦ

Ⱦ
(1 − (1 − 𝒰2̿̿ ̿̿ (

Ⱦ

1+Ⱦ
))

Δ

) ,

√((1 + Ⱦ) (
Ⱦ𝒱2̿̿ ̿̿ +1

1+Ⱦ
)
Δ

− 1)
1

Ⱦ
,

√((1 + Ⱦ) (
Ⱦ𝒴2̿̿ ̿̿ +1

1+Ⱦ
)
Δ

− 1)
1

Ⱦ
)

 
 
 
 
 
 
 

 

d) 𝔒Δ̿̿ ̿̿ =

(

 
 
 
 
 
 
 √

1

Ⱦ
((1 + Ⱦ) (

Ⱦ𝒰2̿̿ ̿̿ +1

1+Ⱦ
)
Δ

− 1) ,

√
1+Ⱦ

Ⱦ
(1 − (1 − 𝒱2̿̿ ̿̿ (

Ⱦ

1+Ⱦ
))
Δ

) ,

√
1+Ⱦ

Ⱦ
(1 − (1 − 𝒴2̿̿ ̿̿ (

Ⱦ

1+Ⱦ
))
Δ

)
)

 
 
 
 
 
 
 

 

Definition 7: Let a series of SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ, and the SFSWWA operator is 

given by: 
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𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) = ⨁

𝜏=1

ñ

Ѡ𝜏𝔒𝜏
̿̿ ̿̿  

Where ѡ = (ѡ1, ѡ2, … , ѡñ) be the set of weight vector of 𝔒𝜏
̿̿ ̿̿  such that  ѡ𝜏 > 0 and ∑ ѡ𝜏 = 1

ñ
𝜏=1 . 

Theorem 1: Let a series of SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ, and the integrated value of the 

SFSWWA operator is still a SFV, so we have: 

𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) =

(

 
 
 
 
 
 
 
 
 
 
 
 √

1 + Ⱦ

Ⱦ
(1 −∏(1−𝒰𝜏2̿̿ ̿̿ (

Ⱦ

1 + Ⱦ
))

Ѡ𝜏ñ

𝜏=1

) ,

√
1

Ⱦ
((1 + Ⱦ)∏(

Ⱦ𝒱𝜏
2̿̿ ̿̿ + 1

1 + Ⱦ
)

Ѡ𝜏ñ

𝜏=1

− 1) ,

√
1

Ⱦ
((1 + Ⱦ)∏(

Ⱦ𝒴𝜏2̿̿ ̿̿ + 1

1 + Ⱦ
)

Ѡ𝜏ñ

𝜏=1

− 1)

)

 
 
 
 
 
 
 
 
 
 
 
 

 

Proof is analogous. 

Theorem 2: Let a series of SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ, implies that 𝔒𝜏

̿̿ ̿̿ = 𝔒̿. Then we 

have: 

𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) = 𝔒̿ 

Theorem 3: For any two sets of a SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏 , 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ) and 𝔒𝜏

′̿̿ ̿̿ = (𝒰̿′
𝜏, 𝒱𝜏′̿̿ ̿, 𝒴𝜏′̿̿̿̿ ), 𝜏 = 1, 2, … , ñ. 

If 𝔒𝜏
̿̿ ̿̿ ≤ 𝔒𝜏

′̿̿ ̿̿ , so we have: 

𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) ≤ 𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1

′̿̿ ̿̿ , 𝔒2
′̿̿ ̿̿ , … ,𝔒ñ

′̿̿ ̿̿ ) 

Theorem 4: Let a series of SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ. If 𝔒−̿̿ ̿̿ =

(min{𝒰𝜏̿̿ ̿̿ } , max{𝒱𝜏̿̿ ̿} ,max{𝒴𝜏̿̿̿̿ }) and 𝔒+̿̿ ̿̿ = (max{𝒰𝜏̿̿ ̿̿ } , min{𝒱𝜏̿̿ ̿} ,min{𝒴𝜏̿̿̿̿ }). Then we have: 

𝔒−̿̿ ̿̿ ≤ 𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) ≤ 𝔒+̿̿ ̿̿  

Definition 8: Let a series of SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ, and the SFSWPWA operator is 

characterized as follows: 

𝑆𝐹𝑆𝑊𝑊𝐺(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) = ⨂

𝜏=1

ñ

𝔒𝜏
̿̿ ̿̿

Ѡ𝜏
 

Where ѡ = (ѡ1, ѡ2, … , ѡñ) be the set of weight vector of 𝔒𝜏
̿̿ ̿̿  such that  ѡ𝜏 > 0 and ∑ ѡ𝜏 =

ñ
𝜏=1

1.  

Theorem 5: As 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ be a class of SFVs, and the integrated value of the 

SFSWWA operator is still a SFV, so we have: 
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𝑆𝐹𝑆𝑊𝑊𝐺(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) =

(

 
 
 
 
 
 
 
 
 
 
 

√
1

Ⱦ
((1 + Ⱦ)∏(

Ⱦ𝒰𝜏2̿̿ ̿̿ + 1

1 + Ⱦ
)

Ѡ𝜏ñ

𝜏=1

− 1) ,

√
1 + Ⱦ

Ⱦ
(1 −∏(1− 𝒱𝜏2̿̿ ̿̿ (

Ⱦ

1 + Ⱦ
))

Ѡ𝜏ñ

𝜏=1

) ,

√
1 + Ⱦ

Ⱦ
(1 −∏(1 − 𝒴𝜏2̿̿ ̿̿ (

Ⱦ

1 + Ⱦ
))

Ѡ𝜏ñ

𝜏=1

)

)

 
 
 
 
 
 
 
 
 
 
 

 

Theorem 6: Let a series of SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ, implies that 𝔒𝜏

̿̿ ̿̿ = 𝔒̿. Then we 

have: 

𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) = 𝔒̿ 

Theorem 7: For any two sets of a SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏 , 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ) and 𝔒𝜏

′̿̿ ̿̿ = (𝒰̿′
𝜏, 𝒱𝜏

′̿̿ ̿, 𝒴𝜏
′̿̿̿̿ ), 𝜏 = 1, 2, … , ñ. 

If 𝔒𝜏
̿̿ ̿̿ ≤ 𝔒𝜏

′̿̿ ̿̿ , so we have: 

𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) ≤ 𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1

′̿̿ ̿̿ , 𝔒2
′̿̿ ̿̿ , … ,𝔒ñ

′̿̿ ̿̿ ) 

Theorem 8: Let a series of SFVs 𝔒𝜏
̿̿ ̿̿ = (𝒰̿𝜏, 𝒱𝜏̿̿ ̿, 𝒴𝜏̿̿̿̿ ), 𝜏 = 1, 2, … , ñ. If 𝔒−̿̿ ̿̿ =

(min{𝒰𝜏̿̿ ̿̿ } , max{𝒱𝜏̿̿ ̿} ,max{𝒴𝜏̿̿̿̿ }) and 𝔒+̿̿ ̿̿ = (max{𝒰𝜏̿̿ ̿̿ } , min{𝒱𝜏̿̿ ̿} ,min{𝒴𝜏̿̿̿̿ }). Then we have: 

𝔒−̿̿ ̿̿ ≤ 𝑆𝐹𝑆𝑊𝑊𝐴(𝔒1
̿̿ ̿̿ , 𝔒2

̿̿ ̿̿ , … ,𝔒ñ
̿̿ ̿̿ ) ≤ 𝔒+̿̿ ̿̿  

 
4. Advanced Decision-Making Methodologies for spherical Fuzzy Information 

The MADM problem involves every field of life and different applications under consideration of 
various types of attribute information. Numerous research scholars have recently developed 
mathematical approaches for handling complicated real-life applications and numerical examples. To 
achieve more tangible aggregated outcomes from incomplete and vague information, we have 
developed an efficient decision algorithm for the MADM problem. To serve this purpose, let  a set of 
𝑛 alternative {𝔍1, 𝔍2, … , 𝔍𝑛} and a family of 𝑚 attributes {𝔐1,𝔐2, … ,𝔐𝑚} with some specific 
degree of weight (𝔴1, 𝔴2, … , 𝔴𝑚),𝔴𝑗 > 0 to each attribute. To demonstrate an ideal solution from 

the available optimal option, express a decision algorithm of the MADM problem as follows: 
Step 1: Construct a decision matrix with information about various attributes corresponding to 

each alternative or individual. 
Step 2: Normalize the standard decision matrix into a modified decision matrix using the following 

expression: 

𝑅′ = {
(𝒰̿𝜏𝑗, 𝒱𝜏𝑗̿̿ ̿̿ , 𝒴𝜏𝑗̿̿ ̿̿ ) 𝑏𝑒𝑛𝑒𝑓𝑖𝑐𝑖𝑎𝑙 𝑡𝑦𝑝𝑒

(𝒴𝜏𝑗̿̿ ̿̿ , 𝒱𝜏𝑗̿̿ ̿̿ , 𝒰̿𝜏𝑗  ) 𝑛𝑜𝑛 − 𝑏𝑒𝑛𝑒𝑓𝑖𝑐𝑖𝑎𝑙 𝑡𝑦𝑝𝑒
 

Step 3: Applied derived approaches of the SFSWWA and SFSWWG operators. 
Step 4: Compute the score function of each alternative using the Definition of 5. 
Step 5: Rank alternatives based on computed score values and the highest score function is a 

more appropriate optimal option. 
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Numerical Example 
Social media apps have revolutionized communication by providing accessible, real-time 

platforms for connecting with a global audience. They enable instant messaging, video calls, and 
multimedia sharing, making interactions more dynamic and engaging. These apps facilitate 
community building, professional networking, and effective information dissemination. They also 
support businesses in marketing, customer engagement, and feedback collection. In this numerical 
example, we evaluated five different social media apps for communication with each other based on 
particular characteristics and features. Consider there are five social media apps {Ⱥ1, Ⱥ2, Ⱥ3, Ⱥ4, Ⱥ5} 
under consideration based on the following four criteria or attributes information as follows: 

i. Customizable Privacy Settings 𝐽1: 
ii. Collaboration and Networking 𝐽2: 

iii. Content Sharing Method 𝐽3: 
iv. Secure Login 𝐽4: 

 To evaluate different social media apps based on the above-discussed attributes and the 
latest features of social media apps. Before the aggregation process, the expert assigns some degree 
to each criterion or attribute as (0.23, 0.28, 0.35, 0.14). The evaluation process for different 
alternatives under the following steps of the MADM problem. 

Step 1: The expert demonstrates information about alternatives based on four attributes or 
characteristics in Table 1. 

Step 2: The discussed case study only one type of attribute information like beneficial type. 
Therefore, the normalization process is not necessary to normalize the decision matrix. 

 
Table 1 
Decision matrix of spherical fuzzy information 

Alternatives 𝑱𝟏 𝑱𝟐 𝑱𝟑 𝑱𝟒 

Ⱥ𝟏 (0.34, 0.64, 0.23) (0.37, 0.68, 0.61) (0.62, 0.51, 0.48) (0.72, 0.27, 0.63) 
Ⱥ𝟐 (0.56, 0.53, 0.46) (0.48, 0.39, 0.65) (0.59, 0.66, 0.43) (0.64, 0.31, 0.55) 
Ⱥ𝟑 (0.47, 0.63, 0.35) (0.66, 0.38, 0.55) (0.28, 0.76, 0.36) (0.53, 0.41, 0.62) 
Ⱥ𝟒 (0.51, 0.27, 0.69) (0.52, 0.31, 0.61) (0.62, 0.32, 0.68) (0.55, 0.37, 0.66) 
Ⱥ𝟓 (0.63, 0.54, 0.35) (0.32, 0.66, 0.27) (0.43, 0.57, 0.53) (0.44, 0.37, 0.64) 

 
Step 3: Applied derived aggregation operators, and aggregated results are shown in Table 2. 

 
Table 2 
Aggregated decision matrix 

Altern
atives 

SFSWWA SFSWWG 

Ⱥ𝟏 (0.5282, 0.5640, 0.4958) (0.5127, 0.5744, 0.5071) 

Ⱥ𝟐 (0.5629, 0.5159, 0.5198) (0.5607, 0.5275, 0.5263) 

Ⱥ𝟑 (0.4953, 0.5869, 0.4558) (0.4811, 0.6068, 0.4638) 

Ⱥ𝟒 (0.5597, 0.3139, 0.6602) (0.5580, 0.3143, 0.6611) 

Ⱥ𝟓 (0.4638, 0.5644, 0.4454) (0.452, 0.5696 0.4564) 

 
Step 4: Investigated score values corresponding to each alternative listed in Table 3. 
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Table 3  
Score functions of alternatives 

Alternatives SFSWWA SFSWWG 

Ⱥ𝟏 −0.0949 −0.1081 

Ⱥ𝟐 −0.0732 −0.0803 

Ⱥ𝟑 −0.1023 −0.1173 

Ⱥ𝟒 −0.0737 −0.0748 

Ⱥ𝟓 −0.1006 −0.1082 

 
Step 5: Table 4 arranges alternatives based on aggregated score values shown in Table 3. 
 

Table 4  
Ranking of alternatives 

Aggregation Operators Ranking and Ordering 

SFSWWA Ⱥ2 ≻ Ⱥ4 ≻ Ⱥ1 ≻ Ⱥ5 ≻ Ⱥ3 
SFSWWG Ⱥ4 ≻ Ⱥ2 ≻ Ⱥ1 ≻ Ⱥ5 ≻ Ⱥ3 

 
Figure 1 facilitates a clearer understanding of the aggregated results and bahavior of computed 

results shown in Table 4. From Figure 1, we can easily examine the highest computed results of score 
functions corresponding to alternatives. 

 

Fig. 1.  The geometrical representation of computed score values. 

 
5. Conclusion 

This article demonstrated a potent approach to an advanced decision-making technique for the 
MADM problem under consideration of various characteristics or attributes information. Decision-
making is a crucial and complicated task due to incomplete and vague information about real-life 
applications and numerical examples. An appropriate model of the spherical fuzzy framework is used 
to eliminate the effect of incomplete information on human opinions. Some feasible operations of 
Sugeno-Weber t-norms are also described in the light of the spherical fuzzy framework. Motivated 
by the significance of Sugeno-Weber operations, we constructed a family of Sugeno-Weber 
aggregation operators under consideration of spherical fuzzy theory. Finally, we applied derived 
theories on the MADM problem and resolved some real-life applications with the help of numerical 
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examples. After the aggregation process, we examined some appropriate optimal options based on 
various characteristics or attribute information. Additionally, the geometrical representation 
demonstrates all aggregated outcomes in a figure of 3-D column. Moreover, we can expand deduced 
theories in different fuzzy frameworks and mathematical methodologies. The derived aggregation 
operators can be used to find tangible results from advanced optimization techniques and 
complicated real-life applications. 
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