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Moreover, T-bipolar soft set is closer to bipolarity as compared to other
theories on bipolar soft sets. Based on the idea of T-bipolar soft sets, here we
explore the notion and properties of the T-bipolar soft semigroup (T-BSSG).
These properties include the AND and OR product, the Restricted Union (Res-
Union) and Restricted Intersection (Res-Intersection), and the Extended
Union (Ext-Union) and Extended Intersection (Ext-Intersection) on T-BSSG.
Further, we also devise the related algebraic properties of T-BSSG.
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1. Introduction

The study of group and ring was a much earlier development, but the discovery of semigroups
(SGs) was a late comer in this branch of algebra with a complex axiomatic set. Howie [1] explored the
fundamental theory about the notion of SGs. The interpretation theory of SGs was devised by Shain
[2] in 1963 by employing a binary relation on a set and for the SG product he employed the
composition of relations. McKenzie and Schein [3] achieved the result that every SG is isomorphic to
a transitive SG of binary relation. SGs are applied in many areas such as in different fields. In computer
science, they are employed in the formal language study and automata theory where they serve as
a mathematical framework for the analysis and comprehension of the behavior of finite-state
machines. In the study of coding theory, semigroups are used in the development and investigation
of the error-correcting codes. Moreover, semigroups are used in the study of algebraic structures like
groups and monoids which are algebraic structures constructed on top of semigroups as they are
more restrictive algebraic structures. It is much simpler to deal with semigroups than with other
algebraic structures, and their study has resulted in numerous theoretical developments and
practical applications in many areas of science and technology. Soft set (SS) theory was devised by a
famous mathematician Molodtsov [4]. It has been interpreted as a modification of the crisp set
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concept for the representation of uncertainties and imprecise data in a parametric manner. Unlike
the FS theory that is a tool for assigning membership degrees to elements, the SS theory is a
parameterized family of subsets in the universal set. This method is a strong and robust way to handle
uncertainties. It can apply in various situations of the data analysis, decision making, and computer
science. SS theory is not only universal and capable of dealing with various kinds of uncertainties and
imprecisions, but it also does not require any extra quantitative measure as compared to probability
theory and FS theory It is a process of presenting and handling data which is indefinite and uncertain,
and thus, makes it applicable for different uses like decision making in inexact situations, data mining,
and pattern recognition. SST is a theory that has been greatly improved since its initial formulation
and has led to many generalizations and extensions. Ali et al., [5] devised certain new operations on
SS. The multi-attribute decision-making (MADM) strategy constructed around SST is developed by
Zahedi Khameneh and Kilicman [6]. Xiao et al., [7] gave a brief introduction on the concepts of
acknowledgment of soft data according to the SS theory. SST are widely used in many different
sectors including in real life. The new extension and application of SST in the field of fuzzy
mathematics are discussed by Tripathy et al., [8] with the title of latest approach to fuzzy SST and its
application in decision making (DM). Cagman et al.,, [9] also discussed the fuzzy SST and its
applications in different ways. Mushrif et al., [10] presents an innovative method for classifying
textures, SST based classification algorithm. Moreover, Min [11] developed the similarity in SST. The
concept of financial ratio selection for SST-based company failure prediction is covered by Xu et al.,
[12]. Moreover, Danjuma et al., [13] gave a unique and helpful idea on a different strategy for the
SST normal parameter reduction technique. Maji et al., [14] provided the first definition of the term
"soft subsets".

A soft semigroup (SSG) structure unites the ideas of SST and SG theory. It was proposed as an
extension of SST to study algebraic structures with uncertainties or imperfections. SSGs give the
possibility to describe algebraic structures including uncertainties or imprecisions in a parameterized
way. They enable the depiction of semigroups-like structures, with their elements or operations
being unclear or vague. The soft ordered SGs were first devised Jun et al., [15]. They studied the basic
characteristics of these systems, and subsequently this provided the framework for further
advancement in this field. Feng et al., [16] applied the soft relations to SGs. They were concerned
with soft bonds and how they are important in SG theory. Khan et al., [17] analyzed the concept of
uni-soft structure for the ordered SGs. A new study was conducted and it provided an understanding
of uni-soft structure and its usage in ordered SGs. Hamouda [18] studied soft ideals in ordered SGs.
It enabled to unravel the role and importance of soft ideals in the realm of ordered SG theory. Shabir
et al., [19] studied soft ideals and generalized fuzzy ideals in SGs with a focus on exposing their
properties and usages. Muhiuddin and Mahboob [20] devised int-soft notions of SS on ordered SGs
with the goal of providing a different viewpoint of the interplay between SS and ordered SGs. Khan
et al., [21] devised soft union in ordered SGs via uni-soft quasi-ideals. Yousafzai et al., [22] presented
the concept of non-associative ordered SGs based on SSs and expanded the existing knowledge about
non-associative structures within the framework of SS theory.

Bipolar statements are actually defining the positive and negative aspects of any objects in real
life cases. We know that each and every thing in real-life have up to two aspects and these aspects
are very useful for any person who wants to knows about benefits and draw begs of any objects. To
understand all these aspects in mathematical ways a lot of frameworks are available in market but
first of all the idea of bipolar soft theory or bipolar SSs (BSSs) was given by Shabir and Naz [23]
introduce the new theory of on bipolar SSs. They also introduce some theory related operations and
properties in this manuscript. One another approach for bipolar SSs in different ways are discussed
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by Karaaslan and Karatas [24] with the title of novel method for treating bipolar SSs and its
applications. Moreover, one another and until last approach for bipolar SSs are discussed by
Mahmood [25] with the title of a fresh method for treating bipolar SSs and their applications. This
approach was very different from other two approaches and cannot compare able with other two
approaches. So, the third approach is very advance because it covers all the previous concepts and
discussed some new concepts and frameworks. Also, application is available in this manuscript. So,
using all these concepts many researchers utilized this idea in different fields and discussed some
new concepts and applications. Some useful and necessary ideas are discussed here. Al-Shami [26]
discuss the idea of BSSs and connections between them, regular points, and their uses. Kamaci and
Petchimuthu [27] also gave the new idea of bipolar N-SST with applications. Ali et al., [28] provided
some fresh concepts on bipolar neutrosophic SSs and applications in DM. Shabir et al., [29] extended
the idea of BSSs and introduce the new concept of approximate BSSs using soft relations and their
application in DM. Saleh et al., [30] gives a very interesting idea by extending the concept of BSSs and
introduce binary bipolar soft points and topology on binary BSSs with their symmetric Properties.
Moreover, the concept of multiattribute DM under Fermatean fuzzy bipolar soft framework given by
Ali and Ansari [31].

1.1 Motivation of the proposed work

The role of SGs is to operate as the tool for the study and modeling of systems and phenomena
in which inverse operation is not relevant or necessary. SGs are encountered in the subject of
automata theory, coding theory, language theory, and the study of discrete dynamical systems. They
also serve as the basis for the study of formal languages, which are helpful in computer science,
programming language theory, and other areas. In addition to this, SGs provide a mathematical
framework for algebraic study of structures and their properties. Many classes of SGs, e.g., inverse
SGs, regular SGs, and completely regular SGs, are well known and have been researched deeply,
leading to important results that are widely used. The motivation for SGs results from the fact that
not all types of systems or phenomena can be appropriately modeled using the more restrictive
structure of groups. SGs provide a framework which is more general and flexible and, therefore,
enable one to study an extended spectrum of algebraic structures and their properties, thus, one
may have a deeper insight into various mathematical, scientific, and computational problems. So
based on these observations, we have explored the notion and properties of the T-Bipolar Soft
Semigroup (T-BSSG), which we constructed as a novel approach to T-BSSs. These properties include
the AND and OR product, the Restricted Union (Res-Union) and Restricted Intersection (Res-
Intersection), and the Extended Union (Ext-Union) and Extended Intersection (Ext-Intersection) on T-
BSSG. Further, we also devise the related algebraic properties of T-BSSG.

The arrangement of the manuscript is as follows; Section 2 is about the preliminary definition of
SG, subsemigroup, soft set, soft subset and T-bipolar soft set. In section 3, we have developed the
basic definition of T-bipolar soft semigroup and their related results. Section 4 is about the conclusion
remarks.

2. Preliminaries

This section is devoted to defining some fundamental concepts that can help with further
discussion.

Definition 1: A set X # @ with binary operation = is interpreted as SG, if the underneath property
is satisfied Y1y, 12, N3 € X, (N1 * n2) * Nz = g * (N2 * N3)- )

Definition 2: Consider X is a SG and @ # X, € X, then X, is interpreted as subsemigroup of X if
VN, N2 € Xp, 1N € Xp.
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Definition 3 [4]: Assume, R represent the universal set, with a set of parameter K. For any 1 € K
such that X # @. Then a function 7,:3 — P(R) over Ris called a soft set.

Definition 4 [5]: Let R represent the universal set, with the set of parameter E. Such that 3 # @,
consider (74,3;) and (7, 3,) be two SSs over R, then (74, ;) is known as a soft subset of (7,,3,), if.
My,

Vi€l = 7() € 7,(1).

If (7,,21) is a subset of (73,3,) and (7,,3,) is a subset of (71,3;) = (71,31) = (72,3,) i.e. the SS
are equal. If (74, 3,) is a soft subset of (7,,3,), then (75, 1,) is known as a soft super set of (7,,3,) is
denotad by (74,3;) € (7,,3,).

Definition 5: Let (7, °F) be any SS and let X be any SG. Then (7, °F) is called SSG over X iff 7(3) is
subsemigroup of X, (7(3) < X) v 3 € °F.

Definition 6 [23]: Take R as a the universal set and °F € K. Also, =°F = {—|5,5 € ‘T} signify the
NOT set of °F. Then, the triplet (7bp, S§bp, O‘1'3) is interpreted as a Bipolar SS where Ty, °F —» P(f{) and
§pp: =°F = P(R) and T, 3)N§pp(—3) = ¢ (null set).

Definition 7 [24]: Take R as a universal set, and K as a set of parameter and °F; € K, °F, € ¥ such
that °F; U °F, = K, and °F; N °F, = ¢, then the triplet (Typ, §bp, °F) is devised as bipolar SS (BSS)
over R, where Tp,: °F; = P(R) and §,: °F, = P(R) with 74,(3) N §pp(8(3)) = &, and g: °F; > °F,
is a bijective mapping.

Definition 8 [25]: Take R as a universal set, with the set of parameter K°F C ¥, X c Rand Y =
R — X Atriplet @, §, "‘F') is then considered the T-BSSs over R, where 7 and § are set valued mappings
given by 7:°F - P (X) and §&: °F - P (V).

Here, we can write (7,8, °F) = {< 3,7(3),§(3):7(3) € P(X) and §(3) € P(Y) >}. For the sake of
simplicity, we write (7,§, °F) = {< 3,7(3),§() >}.

3. T-Bipolar Soft Semigroup and Related Results

In the following, we talk about the definition of the T-bipolar soft semi group (T-BSSG) and explore
the properties of the T-BSS such as AND and OR product, Res-Union and Res-Intersection, Ext-Union
and Ext- Intersection on T-BSSG.

3.1. T-Bipolar Soft Semigroup
The fundamental definition of the T-BSSG will be covered in this section, along with several
fundamental operational laws, including extended union and intersection, restricted union, and
intersection, AND and OR product.
Definition 9: Let G and H be two distinct SG, R = G U H, then for any set °F , a T-BSS < 7, §, °F >
is said to be a T-BSSG iff T(3) < Gand §(0) < H V ) € °F.
Example 1: Let us assume,
G = {¢_:r11:rlz:rl3;r14_}/ H = {é,b,C,I’[,y,_Z}, R =GU H/ GF = {31"}2'33'34} .
Tq) ={e} T02) ={enzns} TO3) ={e,ny, N2, N3, M4 }5 TO4) = {3, N4}:
§00) = (3,23 80 = (4,6,¢,0}; §0s) = (4,6,¢,1,,2);
o §(.) ={a,6,c,n,y}.
(7: §; OF) = {< 31' {¢}' {é' Z} >,< J2' {6, N2, rlS}' {é, 6! o n_} >,
< .13, {er N1, N2, N3, 14 }' {é, E), ony, Z} >, < J4—' {rl?u rlll-}' {é, 6' ¢ n, y} >}'
Definition 10: Let, (71,81, °F), (72,82, ¥) € T-BSSG over R. Then, (74, §;, °F) is known to be a T-
BSSG subset of (75,§,,Y). If,
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i) FcY.
ii) V3€ECF, 7,(0) € T7,(),8: () 2§,0).
Example 2: We suppose that the
G = {¢'Tl1;112'r13»r14 }' H= {5,5,0'%}’,2}, R=Gu H'OT: = {31,32}
And
_ Y =002} B T104) = {g}, 7102) = {¢,n2, N3} ;
B T,() = {6»_rlz»rl3}F T2(32) = {e,n1,n2,03, 04 }5 T2(33) = {n3, N4}
§1(31) = {é, f), C TL;’} ; §1(32) = {é, 6' C'H_' y' Z}/ _
§,(31) ={4,6,c,n}; §:02) =1{a,2}; §,(03) = {3,6}.

Remarks 1: Generally, if °F C Y, it is not necessarily that (:fl,§1,613‘) is interpreted as T-BSSG
subset of (7,,§;, ¥). It merely means that 7,(3,,) € 7,(3,,) and §,(3,) € §:(3,)) V 3, € °F.

Theorem 1: If §;(}) is a S-SG of §,(3) or §,(3) is a $-SG of §;(3) V (3,3) € °F x Y, then the AND
product of (7,, 83, °F) and (7, §,, ¥) on Ris a T-BSSG over R.

Proof: Assume that §; (3) is a sub semigroup of §,(3) or §,(3) is a 5-SG of §; (%), then in either
case §;(A) U§,(3) is a sub semigroup V (3,3) € °F x ¥. Now, consider the sub-SG  7,(3) N
7,(0) V (3,3) € °F x ¥ trivially. Because as we know that the intersection of any number of the sub-
SG is again sub-SG. This implies that in each case the AND product of (71,§1, "T:) and (:fz, §2,Y) on
Ris a T-BSSG over R.

Example 3: Let us assume that the,

G={eny,Nznsna},H={4bcde}, R=GUH,
B 71(31) ={e}; 1.02) ={¢, rlz'rl31:
T2(31) = {e,nz, 113} ; 1202) = {e, N1, N2, N3, N4 }; 72(33) = {g,n3, N4}
B §:() = {_é; d,e}; §:02) = {3, 6'_(3} ;
§ (3122 {3,6,c,d}; §,(3) ={4,b,¢c,d,¢}; §,(33) = {3,b}.

—

°F x Y = { (11,11), (11,12), (11: J3)l (32,31), (12, JZ)l (32'33)}'
AND the product of

(70,80 F) A (72,82, %) = {<K O2); T:) N T,(0) 5 §:() U§, () > (3,3) € °F x Y} then the

(71:§1:c¥“) A (72;§2:Y) =
( (311 J1) =
7.0 NT,00) ={e}; § 0D U§ ) ={4b,¢,d, ¢}
(11,32) =
T.00) N T,00,) ={e}; § ) U§ () ={3,6,¢,d, ¢}
(11,33) =
= T.00) NT,0) ={e}; §:0)U§03) ={46,d,¢}
O2,3) =
7,(3) NT,00) = {e.,n2,n3}; §1(32) U §2 (31) =1{a,b,¢,d}
(32,33) = ~
T,(32) NT,(0;) = {e,n,n3}; §:(32) U S () = {3,6,¢,d, e}
(32,33) =
U 700 N T,08) ={ens}; §:(32) U§,(33) = {4,6,¢}
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Remarks 2: Generally, it is not necessary that the product of two T-BSSG should be T-BSSG.
Example 4: Let A = {4,6,¢,1, 7,2z} and B = {3,b,¢,d, §} be two semigroups, then for any sets
Fand Y, and (74,§;,°F) and (72, §,,¥) be two T-BSSGover R=A4 U B .

Assume °F = {f;,¥;,Z;}and ¥ = {al B4, cl} B B
T.(M) = {a b,c, J’} 7. = {5 b,c, n, }7} T,(z) = {5,_6},
72(a1) {a b,c, q} 72(61) {a, b,C, r_l,)_/,z} 7,(¢) = {é Z_},
§1(rl1) = {a b, C} §1(J’1) = {a 5} §1(Zl) = {a b, ¢, d}
§.(3,) ={3,d,5}; §,(61) ={3,6,¢,d}; §.(c) = {4, d, 8.
°F XY = {(rh 31) (rh, 1) (M1, €1), (Y1» a1) (Y1' 1) (1, €1)s (Z1' 31) (Zl 1) (Z1, C1)}

AND product of the

(7080 F) A (72,82, ¥) = {< Q.15 i) N T 5 HO)UEM) > () € Fx Y},
(71; §1, OF) A (72' §2'Y) =

( (1_11151) =
T.(A) N 72(31) = {5, ¢} ; §(M)U §2(51) {5 b,c,d g},
(I_h» _1) =
T1() N T,(6y) = {5, b, C_,)_’} ; &@) U §2(61) {5 b,c, C?},
(M, 1) =
7,(M) N T,(6) = {5} ;o §1 (M) U§(a) = {5 b,¢,d, é}.
(J’1:a1) =
T3 N T, (51) = {g, b,c, r_l} ; 1)U, (31) {5 b, d, é},
) B ()71' 1) =
T N :f2(61) = {é: b,c, 1, J_’} ; &)U §2(61) {a b, }
(1, 1) =
T.(7) N T,(6) = {5} ;o §1) U §,(6) = {5 b,¢, d, é},
(z,3,) =
7,(Z1) N 72(51) = {g, 6} ; &1(@) U §2(31) {5 ,G,d, é},
(z,6,) =
(@) NT,(6:) ={&46} ; §(Z)U§,(B,)=1{4bcd}
(z1,61) =

L Ti(@) N T(6) = {5} ; §_1(Z_1) U_§2(51) = {g, b,c,d, e}
It is not a T-BSSG because §;,(71) U §,(&;) = {& b, d, &} is not a sub-semigroup of 5.

Theorem 2: If 7,(3) is a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of 7,(A) V (3,3) €
°F x Y. Then the OR product of (7;,§y, °F) and (7, §,, ¥) over R is a T-BSSG over R.

Proof: Assume that T,(}) is a sub-semigroup of 7,(}) or 7,(3) is a sub-SG of 7,(3), then in both
cases 7;(3) U 7,(}) is a sub-semigroup (3,3) € °F x Y. Consider, § (M) N§MV (X)) €Fx Y is
sub-SG trivially, because as we know that any number of intersection of sub-SG is a sub-SG. This
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implies that in each case the OR product of two T-BSSG (:fl, 8§, "T3) and (7,,§,, ¥) over Ris a T-BSSG
over R.

Example 5: Let X = { e,ny, N2, N3, Nal > Y ={46,cde}, R=Xuy,
F={00u%} and ¥ ={3 3}
_ 71(3_1) ={ens,na}; 11(32) = {E};
T2(31) = {Tl3»_rl4}i T2(32) = {¢, N1, N2, N3, N4}; T203) = {e,n2, N3}
_ §1 (11) = {é) d»_ﬁ} ; §1(12) = {é, E),_C, d, 9‘} H
v§2(3v1) ={4,b,c,d}; §,(32) = {3,b,c}; §2(33) = {a,6}.
FXY ={0120), 1,32), 01, 33), Oz, 31), 02, 32), (02, 33) }.

OR product of (75,8,F) vV (72,8, ¥) ={<Q2); 1) U T,); § M) N &) > N €
F x Y}.

( (3, 31) =
7,00 U T,00) ={ensna}; §0) N§0G) ={3,d},
O 32) =
T101) UT,(32) = {e,ny, 2, N3, 14} 5 §G1) N §: () = {3},
O, 33) = ~ ~ ,
(:fl’ §., alg-) Vv (:fz, §2;Y) — 70 UT05) = {e, rlz(';zlzlrl)z}}:; §:01) N§,(33) = {a},
7,02 UT,00) ={enzndd; §:02)N§00) ={&6,¢,},
(32,32) =
T1(2) UT2(32) = {e,ny, Mz n3,ma} 5 §102) N §, () = (4,6, ¢},
(32,33) =

VU T3 UT,05) = {e,nzns); §1(32) N §,(33) = {4,6}.
Remarks 3: Typically, the OR product of two T-BSSG does not have to be T-BSSG.

Example 6: Let 4 = {3, b, ¢, ny, Z} and B = {g, b,c,d, €} be two semigroups, then for any sets
Fand Y, and (74,§;,°F) and (72, §,,¥) be two T-BSSGover R=A4A U B .
Let us assume,
) F ={a,f,7}énd Y ={&,6,, 01},
T1(@) —ié b, E»J_’}i 71(3) = {_51 b, c ony } T,.(7) = {a 6}
T.(3) = {3 6,_5, i} 7.(6,) = {5_6 &y z}; T.(6) = {47},
§:(@ ={4b,¢c}; §.(8) = {3 6}; &, ={36,c.d},
§2(a1) {a d, ?} §2(51) {a b,c, d} §2(C1) —{ C,d, 9‘}-
FxY= {(a, 31): (a, 61): (@, ¢1), (ﬁ» 31)» (,3: 61): (,8: Cl)r (V: 31)' ()7' 61): @, 51)}-
OR product of (73,§,F) V (7,82 ¥) ={< (3,2); 7MW UT) 5 M N§ EM >ONE
F x Y}.
(ﬁ1f§1,(ﬁ“) v (72,§2,Y) =
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(@3,) =

(8.B1) =
(B.c)=
(7.4) =
(7.6,) =

()7) El) =

T(@uT,(3,) ={46,¢1, y} §.(@) n§,(3,) = {&},
T(@uUT,(6) ={36,60,72} ; §(@n§(6)=1{3b0¢)
T(@UT,() ={46,67,2} ; §(@) N§, () =1{4c},
(B uT(5) =(E6eny) 5 §.(8)n§.(3) = {3},
T(B)VT(B) ={EB605.7) 5 §:(F)n§() =3
LB uT@) ={abenyz) 5 §i(B)Nn§.(a) =13}
TNUT(E) ={E661) ; § 7§, (5)={4d]}
T UT(6) ={Eb ez} 5 5.7 N8 (6) =

. (M uT@) =567 ; §(7)n§@E)={Ecd)

It is not a T-BSSG because 7, (@) U 7,(¢;) = {5 b, ¢, ¥, 2z} is not a sub-semigroup of 4.

Theorem 3: If 7, (3) is a sub-semigroup of T,(}) or T,(}) is a sub-semigroup of 7,(3) V € °F
Then, the Extended union of two T-BSSG (71,§1,°F) and (72,§2,Y) over R is a T-BSSG over R.

Proof: Assume that T, (}) is a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of 7, (), then
in both cases 7,(3) U 7,(3) is a sub-semigroup VIE FUY. If A€ F—Yorl ey
obvious. Now, consider §;(3) N§,(N) VA€ FUY is a sub-SG trivially, because as we have that
intersection of any numbers of sub-SG is a sub-SG. This implies that in each case the Ext-U of two T-

BSSG (71,81, °F) and (7, §,, ¥) over Ris a T-BSSG over R.

— F, then it is

Example 7: Let G = {e,ny, Ny N3, N4}, H ={4,6,c,d,e}, R=GUH,

(? = {3,3;} and Y= {31,32,33},
7:031) ={e,nz,n3}; 71(32) = {e};

T,() = {f},_lh,llz,ll&fh}i ﬁ2(7*2_) = {r13,r14,,}; T2(33) = {g, N3, M4}
_ §1 (lll) = {é, C,_d, ¢} ; §1(,32) = {ér_b' (o d' 9} ;,
§:030) ={a,d,e}; §:02) ={a,¢,d}; §:05) ={a,6,¢}.

Then the Ext-Union of (7,,§;,°F) and (7,8, ¥) is
(ﬁlr gl! cTF) Uk (:fz, §21 ?) = (ﬁ3;§3, jé), where jé = S_F U Y

and defined

7.0 ;ifx € F -,
N0 7,0 ;ifx € Y — °F,

TN UT,R ;ifAECF N
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§: () ;if3 € °F -,
§:(0) = §,(3) ;ifye Y —°F,
§: () N§MH) ;IfAEFNY.

T3(31) = 7101 UT2(31) = {en1, N2, N3, N} 5 X E VFV ny,

T3032) = 7102 UT,(3) = {e,ns, N4} ; 32 .
T3(03) = T,(33) ={e,nz,na}; 23 €Y jF' _
§:00) =80 N§O) ={ade}; ) € f X,
§3(32) = §1(32) n §2(32) = {a c,d}; 32 f Y
§3(33) = §2(33) = {a b,c}; X3 € Y °F.
Remarks 4: It is noted that the Ext-Union of two T-BSSG is not a T-BSSG

Example 8: Consider, 4 = {5, b,c,0,7,2} and B = {4,b,¢, d, &} be two semigroups, then for any
sets °F and Y, and (7,83, °F) and (7, §,, ¥) be two T-BSSG over R = A U B . Now assume
F={a,B,y}andY¥ = {a, B, 1}

(@) = (86,67} 1B = {36,510,7); () = {36},
72(“)—{3 Z} 72(3)—{3 b,C )" nyz }» ﬁz(ﬂ)f{é.aa_}.
§:(a) = {a b, C} §:(B) —_{5 6} §:(y) = {5,6_,0_. 1},
§2(a) = {a d, ?} §2(,3) = {é b,c, J} §2(77) = {é: C, J:é}
Then the Ext-Union of (75,§,°F) and (7,,§,,Y) is denoted and given by
(71,81, °F) U (72,82, ¥) = (735,835, R), where R = FU Y.
7.0 ;ifA€F-Y,
T3(0) = T.(0) ;if A e ¥ - °F,
T M UTM) ;ifa e “g sz
§:(3) :if3€°F—Y.
§0) =19 &M ;ifye Y —°F,
§1(J)ﬂ§2(l) ;ifAe°Fn ?
73(a) = T (@) UT,(a) = {a b, c, y,z} a € T? ny

T3(B) =T(BVT(B) = {(§6,6,17.7); B €
T() =710 = {46} ;¥ € F-Y,

T3(n) =T, ={4,b,c,n}; n €Y - °F,

§3(a) = §1(a) N §,(a) = {d}; a € "T3 ny,

§:(8) =8§.:(B) n§,(B) = {3,B}; BEFnY,

8 =80 ={8bcd};ve VF

§s(m =8 ={&cdeg};ney-
It is not a T-BSSG because,

'-11(
i)
o<( ~

’TJ( <><( D

T3(a) = T (@) U Ty(a) = {g, b,c,¥,2}; @ € FNY, is not a sub-semigroup of 4

Theorem 4: If §; () is a sub-semigroup of §,(3) or §,(3) is a sub-semigroup of §; (M) VI € FU Y
Then the Ext-Intersection of two T-BSSG (74, §;, °F) and (7,, §,, Y) over Ris a T-BSSG over R

Proof: Suppose that, if §;(3) is a sub-semigroup of §,(3) or §,(}) is a sub-semigroup of §;(})
then in both cases §;(3) U §,(3) is a sub-semigroup VA€ FU Y. If A€ F—Yord ey

— — SF, then it
became a trivial one. Next, we consider 7;(3) N 7,(3) V X € °F U Y is a sub-SG trivially because as we
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have that intersection of any numbers of sub-SG is a sub-SG. This implies that in each case the Ext-
Intersection of two T-BSSG (7, §1, °F) and (7, §, ¥) over R is a T-BSSG over R.

Example 9: Let, G = {e,ny, Ny, N3, N4}, H = {4,6,c,d, e}, R=GUH,
OF_= {31,3;} and _Y = {31,322, 33},
7:(31) = {ns,na}; 7102) = {e};

72 (1) = {e,n1, N2, N3, Na}; 72(32) = {e, N2, N3}; 72 (33) = {e,n3, N4} ;

500 =0Bcde}; §0,) ={86,cd,¢};

§2 (11) - {a’ d’ ¢} ) §2 (EZ)V_ {a, c, d}_, §_2 ('13) - {a, 6' C}'
Then, the Ext-Intersection of (75,§;,°F) and (7,,8§,,Y) is denoted and given by
(:{1: §1' O‘F) nK (:fZJ §2; Y) = (ﬁ3) §3r jé)r where jé = oT: U Y

7.0 ;if 3 € °F —

Y,
73(0) = 7,00 ;ifx € Y = °F,
7.0 N7, (ifA€EFNY.
8§ (M) ;ifA€EF—Y,
§:N =1 §&O ;ifae Y - °F,
§ (MU ;ifAEFNY.
T301) =7:00) N T2(3) = {H3:H4} % g °F n Y,
T3(32) = 7102 N T,(0,) ={e}; 3, €°F an,
T3(33) = T2(03) = {ens,na}; €Y — f _
§:(01) =8§:0) UG ={4c.d¢}; ) € Fv g
§3(02) =§:(02) U§, () ={4,6,c,d,¢}; J2 F ny,

§3(03) =§,(33) ={4,b,c}; €Y —
Remarks 5: It is noted that the Ext-Intersection of two T-BSSG is not a T-BSSG.
Example 10: Consider, 4 = {g, b,c,1, 7,2} and B = {3, b, ¢, d, &} be two semigroups, then for any
sets °Fand Y, and (71,8, °F) and (72,8,,Y) be two T-BSSGover R =AU B .
Assume °F = {a, 8,y}and Y = {a, B, n}.
T@ ={3b,¢y); 1B ={3b.eny); Tk = (36},
To(@) ={8,2}; T(0) = {46,6,0,5,2}; T.(n) = {46,¢,1},
§ () ={3,6}; §:(B) = {a b, } §:(v) ={3,b,¢,d},
§2(05) = {a.d.e} §2(ﬁ) = {a b, ¢, J} §2(77) = {a ¢d, @}
Then, the Ext-Intersection of (71,§1, °F) an (72,§2,Y) is denoted
(71,81, °F) Ng(72,82¥) = (73,85, R), where R = FU Y.
7,.(%) ;ifA €

and given by

F-Y

7500 = 7,00 ;if 3 € Y — °F,
7.0 N7, ;ifA€EFNY.

§: () ;ifXEF -,

§sMN =1 &M ;if3 € Y — °F,
§:() U§ M) ;ifA€FNY.

T3(a) = T1(a@) N Tz(a) = {é}, a€Fny,
ﬁ3(ﬁ) = :f1(,8) N :fz(ﬁ) = ig, B,E,r_[,}_/}; B € °F nY,
T3(y) = T7.(¥) :_{5,6};)’ €F-Y,

T3 =T.(m) ={abcn};ne¥ -
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§3(a)=§1(a)u§2(a)—{§6&§} a€FNY,

§:(8) =8:(BU&,(B) = {a,b,¢,d}; peFnY,
§3(V)—§1(V)—{35C_} Y € € °F — Y
§:) =8§m ={4¢cdg};ney-°F

It is not a T-BSSG because,
§:(a) = §(a) U§,(a) = {5, 6,d,g}; a € Fn Y, is not a sub-semigroup of B.
Theorem 5: If 7, () is a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of 7,(3}) V3 € °F N Y.
Then, the Res-Union of two T-BSSG (74, §;, °F) and (75, §,, ¥) over Riis a T-BSSG over R.
Proof: Assume that 7, (3) is a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of 7,(3),V 1 €
F NY, then in both cases 7;(3) U 7,(3)is a sub-semigroup. Now, consider § (M) N§ (M) Vie
°FN Y is a sub-SG trivially, because as we have that intersection of any numbers of sub-SG is a sub-
SG. This implies that in each case the Res-Union of two T-BSSG (74, §3, °F) and (7, §,, ¥) over Ris a
T-BSSG over R.
Theorem 6: If §; () is a sub-SG of §,(}) or §,(}) is a sub-SG of § (3) V 3 € °F N Y. Then the Res-
Intersection of two T-BSSG (74, §;, °F) and (75, §,, Y) over Ris a T-BSSG over R.
Proof: Like Theorem 5.
Example 11: Assume that,
G={gn,nn3n},H={4bcde},R=GUH,
F={.3%} and ¥= {31,32,33},
_ T1(4) = {_rl3,rl4}; T1(2) = {g}:
T.(q) ={e¢, N1, N2, N3, N4} T2 (32)_= {e.n2,n3}; 72(03) = {e,n3,n4};
_ §:01) = {4 ¢, d, e}; §1(32) = {5_, b,c,d, ¢}
§,(31) ={4,d,¢}; §,(0) ={4,c,d}; §,(33) ={4,b,¢}.
Then the Res-Union of (74,8, °F) and (7,,8,,Y), is denoted and given by
(71,81, °F) Ug (72,82, Y) = {< 3, 1) U TN, ) n &) >;vreFNYL
< 3, 710G UT,(00) = {e,n1, 02,03, Na 5
§:0)N&M) ={Ede}>; VX EFNY.
< 2z, T1(2) UT2(32) = {e,nz,n3};
§1(32) n gz(lz) ={4,cd}>; V) € FN ?

(71;§1: OT:) Ug (72;§2»Y) =

“Res-Intersection”  of  (7,,§;,°F) and (7,,§,,¥), is denoted and defined by
(:fp §1, ‘T‘) Ng (72’§2:Y) = {< 3T ) NT,MR), M USO) >;vieFN Y}
< 3, 71109 NT,(00) = {nz, N4} ;
§1(31) U §2(31) ={3,cd, e} >; V) € FN Y
< 3, 1102 NT(,) = {e};
§1(32) U §2(32) ={3,b,¢,d, e} >; Vi, ? FN \7
Remarks 6: It is noted that Res-Intersection and Res-Union of two T-BSSG over R, is not a T-BSSG.
Example 12: Consider, 4 = {5, b,c,0,7,2} and B = {3, b, ¢, d, &} be two semigroups, then for any
sets °F and Y, and (7,83, °F) and (7,,§,,Y) be two T-BSSGover R=A U B
Assume °F = {a, 8,7} dnd ¥ = {a, B}.
T (a) = {a b, ¢, 3’} (B = {a b, C__r_l yi; Ty) = {5, 6},
(@) ={3,2}; T.(B) = {3 B,C ﬁ y.2}.
§1(a) = {a 6} §1(,8) = {a b, C} §1 {5 b,c, CZ},

(71: §1: OT:) Ng (72:§2:Y) =

268



Spectrum of Mechanical Engineering and Operational Research
Volume 1, Issue 1 (2024) 258-271

§2 ((l) 2;{5; J! é} ) §2 (ﬁ) _= {gr Er &}
Then the “Res-Union” of (7,,§;,°F) and (7,,§,¥), is denoted and defined by
(:{1' §1, OT") UR (:IZJ §2, Y) = {< l,ﬁl(l) U :fz(l), §1(3) N §2(l) > ,V b) E_CTF n Y}
<a, T (@ UT(a)=1{4b,¢,¥,7};
§:(@)n§ () ={3}>; vaeFNY.
< B ) ?1(3) U :fZ(ﬁ) = {516'5" 17]_,}_/,2_},
§1(,B_) n§,(B) = {é,C_} >; VBETFNY.
It is not a T-BSSG because 7;(a) U 7,(a) = {é, b, ¢, 7, Z}; Vv a € °F N Y, is not a sub-semigroup
of A.
“Res-Intersection”  of  (74,§;,°F) and (7,,§,,¥), is denoted and given by
(:fb §1, OVF) Ng (:fz'§2;\7) = {< 37D NT,M), M) US§,0)>;vVieF n_Y}-
< a, Ti(@) NTy(a) = {é};
§:(@) U§,(a) ={4b,d,8}>; VaeFNY.
< ﬁ ’ :fl(ﬁ) N ﬁZ(ﬁ) = {é' B,C_',I_'[,)_/};
~ §:(A)US§,(B)={4b,cd}>; VvBeFNY.
As, §:(a) US§,(a) ={46,d,8}; Va € FNY,isnotasub-SG of 5. So, due to this reason “Res-
Intersection” of (74, §,, °F) and (7, §,,Y) is not a T-BSSG.

(:fb §1'°vF) Ur (:fz,gz'Y) =

(:f1:§1:6r:) Ng (72,§2:Y) =

4. Conclusion

Among all the concepts in the framework of mathematical modeling, the most significant and
valuable is semigroups (SGs) for the systems for which it is unadvisable or impossible to apply the
inverse of operations. They are found in such fields as automata theory and coding theory, linguistics
and discrete dynamics and among others. In the recent past, new development in soft set theory has
been made and the new concept that was introduced is the T-bipolar soft sets which is a better
definition of bipolarity than the previous ones. Building on this foundation, we introduced a
pioneering concept: The T-BSSGs. This new framework is developed based on T-SSs and SG theory
and gives new prospects for mathematics. Consequently, this paper is aimed at identifying the basic
properties of T-BSSGs such as the AND and OR products and the restricted and extended operations.
Namely, Res-Union, Res-Intersection, Ext-Union and Ext-Intersection are considered to be particular
instances of the described method. It also goes on further to analyse the algebraic properties that
are inherently coupled with T-BSSGs. This extensive analysis not only proves the existence and the
credibility of the theoretical concept of T-BSSGs but also creates a possibility of the application of the
concept in different fields. Therefore, T-BSSGs offer a fresh perspective on the complex structures
and allow to analyze them with the aid of T-bipolar soft sets and semigroup theory in case of
ineffectiveness of other approaches. These notions can be extended to some complex fuzzy
structures given in [32]. These notions can be explored to the notion defined in [33-37].
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