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In this paper, nonlinear vibration and stability analysis of viscous fluidic 
piezoelectric biomedical nanosensor (VFBNS) based on cylindrical nanoshell is 
investigated using the electro-elastic Gurtin–Murdoch surface/interface (S/I) 
theory. This piezoelectric nanoresonator is simultaneously subjected to visco-
pasternak medium, electrostatic and harmonic excitations. The Hamilton’s 
principle, the assumed mode method combined with Euler – Lagrange and also 
Complex averaging method combined with arc-length method are used to 
achieve the governing equations, boundary conditions and also the effect of 
different material, structural and excitations parameters on dimensionless 
natural frequency (DNF) (undamped 𝛺̅𝑛 and damped 𝛺̅𝑑), critical fluid velocity, 
nonlinear vibration and stability analysis of piezoelectric biomedical 
nanosensor. It is shown that the fluid velocity has major unpredictable effects 
on parametric studies of the system and one should precisely consider their 
effects. Also, it is concluded that ignoring the surface /interface effects leads to 
inaccurate results in vibrational response of the VFBNS. By changing the 
surface/interface parameters, the system stiffness is changed leading to 
nonlinear behavior of the system, which can be more or less pronounced 
compared to the case without the S/I effects accounted for. The obtained results 
of this study are useful for designing of nano/micro electro mechanical system 
and other nano-/micro-smart structures.  
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1. Introduction 

In recent decades, the smart materials or adaptive structural systems, especially piezoelectric 
materials, have been widely used for application in numerous diverse fields of science and technology 
[1-5]. In these fields, nano structures, especially nano sensors/resonators, are widely used in modern 
engineering which have received considerable attention from researchers around the world, due to 
their unique features and widespread applications [6-10]. One of the most important scientific 
concepts in the design and fabrication of this nanosensor is the analysis of dynamic and vibrations 
considering nano-mechanical theories specially consideration of surface/interface effects. According 
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to the theory of Gurtin et al., [11], surface/interface effects have vital role in their analysis and can 
affect the physical and chemical properties of nanomaterial. Investigation of the surface/interface 
elasticity on the mechanical behavior of nanostructures has become one of the attractive research 
areas in nanomechanics recently. Fang et al. [12] studied nonlinear vibration, buckling and 
postbuckling behavior of piezoelectric cylindrical nanoshells based on GM surface/interface theory. 
Zhu et al. [13] studied the size-dependent effect on the torsional buckling behavior of functionally 
graded cylindrical nano-shell covered with piezoelectric nano-layers based on the electro-elastic 
surface/interface theory. Ghorbanpour Arani et al. [14] studied nonlinear vibration of nano sheet 
conveying viscose fluid with small scale and surface effects. Surface stress effect on the vibration of 
nanoscale pipes based on a size-dependent Timoshenko beam model was investigated by Ansari et 
al. [15]. A new size-dependent nonlinear model for the analysis of the behavior of carbon nanotube 
resonators was introduced by Farokhi et al. [16] based on a modified couple stress theory. The 
numerical results are obtained for both static and dynamic cases, with special focus on the static pull-
in behavior and on the effects of the newly developed electrostatic load model. The nonlinear 
vibration and the parametric oscillations of an electrostatically actuated piezoelectric nanobeam 
resonator were studied by Pourkiaee et al. [17] considering the surface elasticity theory. Sahmani et 
al. [18] used the Gurtin-Murdoch elasticity theory for the nonlinear buckling and postbuckling 
behaviors of nano-shell. Recently, Hashemi Kachapi et al. [19-22] presented semi-small scale 
approaches such as nonlocal, nonlocal strain gradient, Gurtin–Murdoch surface/interface theories 
and also combined different methods together to investigate the effects of the small scale on the 
natural frequencies, nonlinear vibration and stability analysis of single, double-walled and multi 
walled piezoelectric nano structures based on cylindrical nanoshell subjected to electrostatic and 
harmonic excitations. 

In the present study, the nonlinear vibration and stability analysis of piezoelectric biomedical 
nanosensor conveying viscous fluid based on cylindrical nanoshell is investigated using the electro-
elastic Gurtin–Murdoch surface/interface (S/I) theory. This piezoelectric nanoresonator is 
simultaneously subjected to visco-pasternak medium, electrostatic and harmonic excitations. The 
Hamilton’s principle, the assumed mode method combined with Euler – Lagrange and Complex 
averaging method combined with arc-length method are used to obtain the governing equations, 
boundary conditions and also to investigate the effect of different material, structural and excitations 
parameters on dimensionless natural frequency (DNF), critical fluid velocity, nonlinear vibration and 
stability analysis of piezoelectric biomedical nanosensor. 

 
2. Methodology 

A piezoelectric biomedical nanosensor shown in Figure 1 consists of a cylindrical nanoshell with 
two piezoelectric layers embedded and a visco-Pasternak medium. The incoming bloodstream is 
considered as a viscous fluid with the fluid velocity 𝑢𝑓. The system is subjected to electrostatic force 

with direct electric voltage (𝑉𝐷𝐶) and harmonic excitation with amplitude 𝑓. In addition, this 
piezoelectric biomedical nanosensor, denoted as VFBNS, is actuated by the direct current polarization 
voltage 𝑉𝑝, which is applied along the thickness of the nanoshell. The length of the nanoshell is 𝐿, 

while the remaining geometric parameters of the cylindrical shell are: the mid-surface radius 𝑅, the 
thickness of cylindrical shell 2ℎ𝑁, and the thickness of piezoelectric material layer 2ℎ𝑝. With the 

origin of coordinate system located on the middle surface of nano-shell, the coordinates of a typical 
point in the axial, circumferential and radius directions are described by 𝑥, 𝜃, and 𝑧, respectively. 
Also, 𝐾𝑤  ,𝐾𝑝 and 𝐶𝑤 are

 
the stiffness coefficient of Winkler foundation, shear layer of Pasternak 

foundation and the damping factor of the visco medium for the transverse motion, respectively. The 
Young modulus, Poisson ratio and the mass density of cylindrical nano-shell are denoted by 𝐸𝑁 , 𝜐𝑁 

https://www.sciencedirect.com/topics/engineering/nonlinear-model
https://www.sciencedirect.com/topics/engineering/resonators
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and 𝜌𝑁, respectively. All of the physical and geometrical properties of the mentioned nanostructures 
for VFBNS can be seen in works done by Hashemi Kachapi et al., [19-22]. 

 

 
 

Fig. 1. Piezoelectric biomedical nanosensor (VFBNS) conveying viscous fluid
 

 
2.1 Non- classical Shell theory 

Based on the Gurtin–Murdoch surface elasticity theory, the constitute relations for surfaces can 
be written as [11, 12] 

 
(1) 𝜎𝛼𝛽

𝑠𝑘 = 𝜏0
𝑠𝑘𝛿𝛼𝛽 + (𝜏0

𝑠𝑘 + 𝜆𝑠𝑘)𝜀𝑞𝑞𝛿𝛼𝛽 + 2(𝜇
𝑠𝑘 − 𝜏0

𝑠𝑘)𝜀𝛼𝛽 + 𝜏0
𝑠𝑘𝑢𝛼,𝛽

𝑠𝑘 − 𝑒𝑝
𝑠𝑘𝐸𝑧𝑝, 

𝜎𝛼𝑧
𝑠𝑘 = 𝜏0

𝑠𝑘𝑢𝑧,𝛼
𝑠𝑘  ,       𝜎𝛼𝑧

𝐼𝑘 = 𝜏0
𝐼𝑘𝑢𝑧,𝛼

𝐼𝑘 , (𝛼, 𝛽 = 𝑥, 𝜃;   𝑘 = 1,2)
 

𝜎𝛼𝛽
𝐼𝑘 = 𝜏0

𝐼𝑘𝛿𝛼𝛽 + (𝜏0
𝐼𝑘 + 𝜆𝐼𝑘)𝜀𝑞𝑞𝛿𝛼𝛽 + 2(𝜇

𝐼𝑘 − 𝜏0
𝐼𝑘)𝜀𝛼𝛽 + 𝜏0

𝐼𝑘𝑢𝛼,𝛽
𝑠1 , 

in which 𝛿𝛼𝛽
 
is the Kronecker delta function. Furthermore, the components of stress at the surfaces 

can be expressed as 
 

(2) 
𝜎𝑥𝑥
𝑆𝑘 = (𝜆𝑆𝑘 + 2𝜇𝑆𝑘)𝜀𝑥𝑥 + (𝜏0

𝑆𝑘 + 𝜆𝑆𝑘)𝜀𝜃𝜃 −
𝜏0
𝑆𝑘

2
(
𝜕𝑤

𝜕𝑥
)
2

+ 𝜏0
𝑆𝑘 − 𝑒31𝑝

𝑆𝑘 𝐸𝑧𝑝, 

𝜎𝜃𝜃
𝑆𝑘 = (𝜏0

𝑆𝑘 + 𝜆𝑆𝑘)𝜀𝑥𝑥 + (𝜆
𝑆𝑘 + 2𝜇𝑆𝑘)𝜀𝜃𝜃 − 𝜏0

𝑆𝑘 (
𝑤

𝑅
+

1

2𝑅2
(
𝜕𝑤

𝜕𝜃
)
2

) + 𝜏0
𝑆𝑘 − 𝑒32𝑝

𝑆𝑘 𝐸𝑧𝑝, 

𝜎𝑥𝑥
𝐼𝑘 = (𝜆𝐼𝑘 + 2𝜇𝐼𝑘)𝜀𝑥𝑥 + (𝜏0

𝐼𝑘 + 𝜆𝐼𝑘)𝜀𝜃𝜃 −
𝜏0
𝐼𝑘

2
(
𝜕𝑤

𝜕𝑥
)
2

+ 𝜏0
𝐼𝑘 ,  

𝜎𝜃𝜃
𝐼𝑘 = (𝜏0

𝐼𝑘 + 𝜆𝐼𝑘)𝜀𝑥𝑥 + (𝜆
𝐼𝑘 + 2𝜇𝐼𝑘)𝜀𝜃𝜃 − 𝜏0

𝐼𝑘 (
𝑤

𝑅
+

1

2𝑅2
(
𝜕𝑤

𝜕𝜃
)
2

) + 𝜏0
𝐼𝑘 ,

 

𝜎𝑥𝜃
(𝑆,𝐼)𝑘 = 𝜇(𝑆,𝐼)𝑘𝛾𝑥𝜃 − 𝜏0

(𝑆,𝐼)𝑘 (
𝜕𝑣

𝜕𝑥
+
1

𝑅

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝜃
−
𝑧

𝑅

𝜕2𝑤

𝜕𝑥𝜕𝜃
) , 𝜎𝑥𝑧

(𝑆,𝐼)𝑘 = 𝜏0
(𝑆,𝐼)𝑘

𝜕𝑤

𝜕𝑥
, 

𝜎𝜃𝑥
(𝑆,𝐼)𝑘 = 𝜇(𝑆,𝐼)𝑘𝛾𝑥𝜃 − 𝜏0

(𝑆,𝐼)𝑘 (
1

𝑅

𝜕𝑢

𝜕𝜃
+
1

𝑅

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝜃
−
𝑧

𝑅

𝜕2𝑤

𝜕𝑥𝜕𝜃
) , 𝜎𝜃𝑧

(𝑆,𝐼)𝑘 =
𝜏0
(𝑠,𝐼)𝑘

𝑅

𝜕𝑤

𝜕𝜃
,  
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Based on the classical continuum models, 𝜎𝑧𝑧 is expressed as following: 
 

(3) 
𝜎𝑧𝑧 =

1

2
(
𝜕(𝜎𝑥𝑧

𝑆2 + 𝜎𝑥𝑧
𝐼2 )

𝜕𝑥
+
1

𝑅

𝜕(𝜎𝜃𝑧
𝑆2 + 𝜎𝜃𝑧

𝐼2 )

𝜕𝜃
− (𝜌𝑆2 + 𝜌𝐼2)

𝜕2𝑤

𝜕𝑡2
) 

−
1

2
(
𝜕(𝜎𝑥𝑧

𝑆1 + 𝜎𝑥𝑧
𝐼1 )

𝜕𝑥
+
1

𝑅

𝜕(𝜎𝜃𝑧
𝑆1 + 𝜎𝜃𝑧

𝐼1 )

𝜕𝜃
− (𝜌𝑆1 + 𝜌𝐼1)

𝜕2𝑤

𝜕𝑡2
) 

+
𝑧

2ℎ𝑁 + 2ℎ𝑝
(
𝜕(𝜎𝑥𝑧

𝑆2 + 𝜎𝑥𝑧
𝐼2 )

𝜕𝑥
+
1

𝑅

𝜕(𝜎𝜃𝑧
𝑆2 + 𝜎𝜃𝑧

𝐼2 )

𝜕𝜃
− (𝜌𝑆2 + 𝜌𝐼2)

𝜕2𝑤

𝜕𝑡2
) 

+
𝑧

2ℎ𝑁 + 2ℎ𝑝
(
𝜕(𝜎𝑥𝑧

𝑆1 + 𝜎𝑥𝑧
𝐼1 )

𝜕𝑥
+
1

𝑅

𝜕(𝜎𝜃𝑧
𝑆1 + 𝜎𝜃𝑧

𝐼1 )

𝜕𝜃
− (𝜌𝑆1 + 𝜌𝐼1)

𝜕2𝑤

𝜕𝑡2
) 

For simplification, the material properties of surfaces and interfaces are selected as 

(4) 

𝜏0
𝑆1 = 𝜏0

𝑆2 = 𝜏0
𝑆 ,   𝜆𝑆1 = 𝜆𝑆2 = 𝜆𝑆,   𝜇𝑆1 = 𝜇𝑆2 = 𝜇𝑆,  𝑒31𝑝

𝑆1 =  𝑒31𝑝
𝑆2 = 𝑒31𝑝

𝑆 , 

𝜌𝑆1 = 𝜌𝑆2 = 𝜌𝑆,  𝑒32𝑝
𝑆1 =  𝑒32𝑝

𝑆2 = 𝑒32𝑝
𝑆  , 𝜏0

𝐼1 = 𝜏0
𝐼2 = 𝜏0

𝐼 ,   𝜆𝐼1 = 𝜆𝐼2 = 𝜆𝐼 , 

 𝜇𝐼1 = 𝜇𝐼2 = 𝜇𝐼 , 𝜌𝐼1 = 𝜌𝐼2 = 𝜌𝐼, 
According to Eq. (4), the normal stresses 𝜎𝑥𝑥 and 𝜎𝜃𝜃  Eqs. (2) and (3) can be rewrite as 

 

(5) 𝜎𝑥𝑥(𝑁,𝑝) = 𝐶11(𝑁,𝑝)𝜀𝑥𝑥 + 𝐶12(𝑁,𝑝)𝜀𝜃𝜃 − 𝑒31𝑝𝐸̅𝑥𝑝 +
𝜐(𝑁,𝑝)𝜎𝑧𝑧

1 − 𝜐(𝑁,𝑝)
,

 

(6) 𝜎𝜃𝜃(𝑁,𝑝) = 𝐶21(𝑁,𝑝)𝜀𝑥𝑥 + 𝐶22(𝑁,𝑝)𝜀𝜃𝜃 − 𝑒32𝑝𝐸̅𝜃𝑝 +
𝜐(𝑁,𝑝)𝜎𝑧𝑧

1 − 𝜐(𝑁,𝑝)
,

 

(7) 𝜎𝑥𝜃(𝑁,𝑝) = 𝐶66(𝑁,𝑝)𝛾𝑥𝜃, 

(8) 𝜎𝑧𝑧 =
𝑧

ℎ𝑁 + ℎ𝑝
((𝜏0

𝑆 + 𝜏0
𝐼)(
𝜕2𝑤

𝜕𝑥2
+
1

𝑅2
𝜕2𝑤

𝜕𝜃2
) − (𝜌𝑆 + 𝜌𝐼)

𝜕2𝑤

𝜕𝑡2
), 

 
In the following formulations, all of the piezoelectric parameters (the materials and geometrical 
parameters) are neglected for the first layer and are, hence, assumed to be equal to zero, and all of 
the material and geometric parameters of nanoshell in the first layer are similar to the second layer 
of nanostructure. Also, all the coefficients and terms in Equations (5)–(8) such as nonlinear deflection, 
displacement fields and curvatures, relations of Gurtin–Murdoch surface/interface elasticity theory 
and etc. can be found in full detail in references [11, 12, 19–22]. 

 
3. Governing equations  

In this section, at first the governing equations of motion of the piezoelectric cylindrical nanoshell 
are obtained by using the Hamilton’s principle. The total strain energy considering the surface stress 
effect is expressed as: 

 

(9) 𝜋 =
1

2
∫ ∫ {

𝑁𝑥𝑥𝜀𝑥𝑥
0 + 𝑁𝜃𝜃𝜀𝜃𝜃

0 +𝑁𝑥𝜃𝛾𝑥𝜃
0 +

𝑀𝑥𝑥𝜅𝑥𝑥 +𝑀𝜃𝜃𝜅𝜃𝜃 +𝑀𝑥𝜃𝜅𝑥𝜃 + 𝜂33𝐸̅𝑧𝑝
2 ℎ𝑝

}
2𝜋

0

𝐿

0

𝑅𝑑𝜃𝑑𝑥. 

In Equation (9), the forces (𝑁) and moment (𝑀) resultants are defined in Hashemi Kachapi et al. 
[20-22] for FCBNS. 

The kinetic energy of the FCBNS may be written as: 
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(10) 𝑇 =
1

2
∬{𝐼 ((

𝜕𝑢

𝜕𝑡
)
2

+ (
𝜕𝑣

𝜕𝑡
)
2

+ (
𝜕𝑤

𝜕𝑡
)
2

)}𝑅𝑑𝜃𝑑𝑥
 

where 

 𝐼 = ∫ 𝜌𝑁

ℎ𝑁

−ℎ𝑁

𝑑𝑧 + ∫ 𝜌𝑝

−ℎ𝑁

−ℎ𝑁−ℎ𝑝

𝑑𝑧 + ∫ 𝜌𝑝

ℎ𝑁+ℎ𝑝

ℎ𝑁

𝑑𝑧 + 𝜌𝑆,𝐼 = 2𝜌𝑁ℎ𝑁 + 2𝜌𝑝ℎ𝑝 + 2𝜌
𝑆 + 2𝜌𝐼  𝐼 = ∫ 𝜌𝑁

ℎ𝑁

−ℎ𝑁

𝑑𝑧 + ∫ 𝜌𝑝

−ℎ𝑁

−ℎ𝑁−ℎ𝑝

𝑑𝑧 + ∫ 𝜌𝑝

ℎ𝑁+ℎ𝑝

ℎ𝑁

𝑑𝑧 + 2𝜌𝑝𝑠 + 2𝜌𝑁𝐼 

Furthermore, the work done on the nano-shell by the viscoelastic medium, electrostatic force and 
the external harmonic excitation, respectively, can be expressed as [16, 23] 

 

(11) 𝑊𝑣𝑚 = −∫ ∫ {∫ (𝐾𝑤𝑤 − 𝐾𝑝∇
2𝑤 + 𝐶𝑤

𝜕𝑤

𝜕𝑡
)𝑑𝑤

𝑤

0

}
2𝜋

0

𝐿

0

𝑅𝑑𝜃𝑑𝑥 

(12) 𝑊𝑒 = ∫ ∫ {∫
𝜋Υ𝑉𝐷𝐶

2

√(𝑏 − 𝑤)(2𝑅 + 𝑏 − 𝑤) [cosh−1 (1 +
𝑏−𝑤

𝑅
)]
2 𝑑𝑤

𝑤

0

}
2𝜋

0

𝐿

0

𝑅𝑑𝜃𝑑𝑥
 

(13) 
𝑊𝑓 = ∫ ∫ {∫ (𝑓𝑐𝑜𝑠𝜔𝑡)𝑑𝑤

𝑤

0

}
2𝜋

0

𝐿

0

𝑅𝑑𝜃𝑑𝑥
 

where all the coefficients and terms appearing in Equations (11)– (13) can be found in references [20-
22]. Also, the external work of the fluid can be expressed as [24]: 

 

(14) 

𝑊𝑓 =
1

2
∫ ∫ 𝐹𝑓𝑙𝑢𝑖𝑑

2𝜋

0

𝑤
𝐿

0

𝑅𝑑𝜃𝑑𝑥 

=
1

2
∫ ∫

{
 
 

 
 −𝜌𝑓𝐴𝑓 (

𝜕2𝑤

𝜕𝑡2
+ 2(𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)

𝜕2𝑤

𝜕𝑥𝜕𝑡
+ (𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)

2 𝜕2𝑤

𝜕𝑥2
)

+𝜇𝐴𝑓 (
𝜕3𝑤

𝜕𝑥2𝜕𝑡
+

𝜕3𝑤

𝑅2𝜕𝜃2𝜕𝑡
+ (𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝) (

𝜕3𝑤

𝜕𝑥3
+

𝜕3𝑤

𝑅2𝜕𝑥𝜕𝜃2
))
}
 
 

 
 

2𝜋

0

𝑤
𝐿

0

𝑅𝑑𝜃𝑑𝑥
 

 

The equations of motion and corresponding boundary conditions of the VFBNS can now be derived 
as follows: 

 

(15 ) 𝛿𝑢:    
𝜕𝑁𝑥𝑥
𝜕𝑥

+
1

𝑅

𝜕𝑁𝑥𝜃
𝜕𝜃

= 𝐼
𝜕2𝑢

𝜕𝑡2
, 

 

(16) 𝛿𝑣:    
𝜕𝑁𝑥𝜃
𝜕𝑥

+
1

𝑅

𝜕𝑁𝜃𝜃
𝜕𝜃

= 𝐼
𝜕2𝑣

𝜕𝑡2
, 

 

(17) 

𝛿𝑤:   
𝜕2𝑀𝑥𝑥

𝜕𝑥2
+
2

𝑅

𝜕2𝑀𝑥𝜃

𝜕𝑥𝜕𝜃
+
1

𝑅2
𝜕2𝑀𝜃𝜃

𝜕𝜃2
−
𝑁𝜃𝜃
𝑅
+ 𝑁𝑥𝑥

𝜕2𝑤

𝜕𝑥2
+
𝜕𝑁𝑥𝑥
𝜕𝑥

𝜕𝑤

𝜕𝑥
+
𝑁𝜃𝜃
𝑅2

𝜕2𝑤

𝜕𝜃2
 

+
1

𝑅2
𝜕𝑁𝜃𝜃
𝜕𝜃

𝜕𝑤

𝜕𝜃
+
2

𝑅
𝑁𝑥𝜃

𝜕2𝑤

𝜕𝑥𝜕𝜃
+
1

𝑅
 
𝜕𝑁𝑥𝜃
𝜕𝑥

𝜕𝑤

𝜕𝜃
+
1

𝑅

𝜕𝑁𝑥𝜃
𝜕𝜃

𝜕𝑤

𝜕𝑥
= 𝐼

𝜕2𝑤

𝜕𝑡2
+ 𝐶𝑤

𝜕𝑤

𝜕𝑡
+ 𝐾𝑤𝑤 

−𝐾𝑝∇
2𝑤 −

[
 
 
 
 −𝜌𝑓𝐴𝑓 (

𝜕2𝑤

𝜕𝑡2
+ 2(𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)

𝜕2𝑤

𝜕𝑥𝜕𝑡
+ (𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)

2 𝜕2𝑤

𝜕𝑥2
)

+𝜇𝐴𝑓 (
𝜕3𝑤

𝜕𝑥2𝜕𝑡
+

𝜕3𝑤

𝑅2𝜕𝜃2𝜕𝑡
+ (𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝) (

𝜕3𝑤

𝜕𝑥3
+

𝜕3𝑤

𝑅2𝜕𝜃2𝜕𝑥
))
]
 
 
 
 

 

−
𝜋Υ𝑉𝐷𝐶

2

√(𝑏 − 𝑤)(2𝑅 + 𝑏 − 𝑤) [cosh−1 (1 +
𝑏−𝑤

𝑅
)]
2 − 𝑓𝑐𝑜𝑠𝜔𝑡, 
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And the boundary conditions are: 
 

(18) 𝛿𝑢 = 0     𝑜𝑟        𝑁𝑥𝑥𝑛𝑥 +
1

𝑅
𝑁𝑥𝜃𝑛𝜃 = 0, 

 

(19) 𝛿𝑣 = 0     𝑜𝑟        𝑁𝑥𝜃𝑛𝑥 +
1

𝑅
𝑁𝜃𝜃𝑛𝜃 = 0, 

 

(20) 
𝛿𝑤 = 0    𝑜𝑟     (

𝜕𝑀𝑥𝑥

𝜕𝑥
+
1

𝑅

𝜕𝑀𝑥𝜃

𝜕𝜃
+ 𝑁𝑥𝑥

𝜕𝑤

𝜕𝑥
+
𝑁𝑥𝜃
𝑅

𝜕𝑤

𝜕𝜃
)𝑛𝑥 

+(
1

𝑅

𝜕𝑀𝑥𝜃

𝜕𝑥
+
1

𝑅2
𝜕𝑀𝜃𝜃

𝜕𝜃
+
𝑁𝑥𝜃
𝑅

𝜕𝑤

𝜕𝑥
+
𝑁𝜃𝜃
𝑅2

𝜕𝑤

𝜕𝜃
)𝑛𝜃 = 0, 

 

(21) 
𝜕𝑤

𝜕𝑥
= 0     𝑜𝑟        𝑀𝑥𝑥𝑛𝑥 +

1

𝑅
𝑀𝑥𝜃𝑛𝜃 = 0,

 

 

(22) 
𝜕𝑤

𝜕𝜃
= 0     𝑜𝑟        

1

𝑅
𝑀𝑥𝜃𝑛𝑥 +

1

𝑅2
𝑀𝜃𝜃𝑛𝜃 = 0,

 

 

Therefore, in this paper, the assumed mode method is used to obtain the equations of motion using 
Euler–Lagrange method. Using the strain and kinetic energies Eqs. (9) and (10) and also work done 
on the nano-shell from Eqs. (11-14), the following dimensionless parameters can be obtained. 

 

(23) 

𝑢̅ =
𝑢

ℎ𝑁
, 𝑣̅ =

𝑣

ℎ𝑁
, 𝑤̅ =

𝑤

ℎ𝑁
, 𝜉 =

𝑥

𝐿
, 𝑏̅ =

𝑏

ℎ𝑁
, 𝐴̅𝑖𝑗𝑁 =

𝐴𝑖𝑗𝑁

𝐴11𝑁
, 𝐵̅𝑖𝑗𝑁 =

𝐵𝑖𝑗𝑁

𝐴11𝑁ℎ𝑁
, 𝐷̅𝑖𝑗𝑁 =

𝐷𝑖𝑗𝑁

𝐴11𝑁ℎ𝑁
2 , 

𝐴̅𝑖𝑗𝑝 =
𝐴𝑖𝑗𝑝

𝐴11𝑁
, 𝐴̅𝑖𝑗

∗ =
𝐴𝑖𝑗
∗

𝐴11𝑁
, 𝐵̅𝑖𝑗𝑝 =

𝐵𝑖𝑗𝑝

𝐴11𝑁ℎ𝑁
, 𝐵̅𝑖𝑗

∗ =
𝐵𝑖𝑗
∗

𝐴11𝑁ℎ𝑁
, 𝐷̅𝑖𝑗𝑝 =

𝐷𝑖𝑗𝑝

𝐴11𝑁ℎ𝑁
2 , 𝐷̅𝑖𝑗

∗ =
𝐷𝑖𝑗
∗

𝐴11𝑁ℎ𝑁
2  , 

 𝐹̅11𝑁
∗ =

𝐹11𝑁
∗

𝐴11𝑁ℎ𝑁
, 𝐹̅11𝑝

∗ =
𝐹11𝑝
∗

𝐴11𝑁ℎ𝑁
, 𝐸̅11𝑁

∗ =
𝐸11𝑁
∗

𝐴11𝑁ℎ𝑁
2 , 𝐸̅11𝑝

∗ =
𝐸11𝑝
∗

𝐴11𝑁ℎ𝑁
2 , 𝐽1̅1𝑁

∗ =
𝐽11𝑁
∗

𝜌𝑁ℎ𝑁
2 , 

𝐽11𝑝
∗ =

𝐽11𝑝
∗

𝜌𝑁ℎ𝑁
2 , 𝐺̅11𝑁

∗ =
𝐺11𝑁
∗

𝜌𝑁ℎ𝑁
3 , 𝐺11𝑝

∗ =
𝐺11𝑝
∗

𝜌𝑁ℎ𝑁
3 , 𝑁̅𝑥𝑝

∗ =
𝑁𝑥𝑝
∗ 𝑉0

𝐴11𝑁
, 𝑁̅𝜃𝑝

∗ =
𝑁𝜃𝑝
∗ 𝑉0

𝐴11𝑁
, 𝑀̅𝑥𝑝

∗ =
𝑀𝑥𝑝
∗ 𝑉0

𝐴11𝑁ℎ𝑁
, 

𝑀̅𝜃𝑝
∗ =

𝑀𝜃𝑝
∗ 𝑉0

𝐴11𝑁ℎ𝑁
, 𝜏0̅
𝑠 =

𝜏0
𝑠

𝐴11𝑁
, 𝑚0 =

𝐿

𝑅
,𝑚1 =

𝐿

ℎ𝑁
, 𝑚2 =

ℎ𝑁
𝑅
=
1

𝑅̅
 , ℎ̅𝑝 =

ℎ𝑝

𝑅
,𝑚3 =

𝐼

2𝜌𝑁ℎ𝑁
, 

𝑚4 =
ℎ𝑝

ℎ𝑁
 , 𝜏 = 𝑡√

𝐴11𝑁
2𝜌𝑁ℎ𝑁𝐿2

= Ω𝑡, Ω̅ =
𝜔

Ω
, 𝐾̅𝑤 =

𝐾𝑤𝐿
2

𝑚3𝐴11𝑁
, 𝐾̅𝑝 =

𝐾𝑝

𝑚3𝐴11𝑁
, 𝐶𝑤̅ =

𝐶𝑤ΩL
2

𝑚3𝐴11𝑁
, 

 𝜌̅𝑓 =
𝜌𝑓

𝑚3𝜌𝑁
, 𝑢̅𝑓 = (𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)√

2𝜌𝑁ℎ𝑁
𝐴11𝑁

, 𝜇̅𝑓 =
𝜇𝑓

𝑚3

√
2ℎ𝑁

𝜌𝑁𝐴11𝑁𝐿2
, 𝑉̅𝐷𝐶 =

𝑉𝐷𝐶
𝑉0
,  

𝑉̅𝑝 =
𝑉𝑝

𝑉0
, 𝐹̅𝑒 =

𝜋𝑚1
2𝑉0

2Υ

𝑚3𝐴11𝑁
, 𝐹̅ =

𝑓𝐿2

𝐴11𝑁𝑚3ℎ𝑁
2, 

Here, 𝑉0 is a reference voltage, set to 1 V throughout this study [16].  
In the current study, the electrostatic force Equation (9) can be expressed as a polynomial form 

that is solved by nonlinear curve-fitting problem of lsqcurvefit function in Matlab Toolbox using least-
squares. Therefore, the dimensionless electrostatic work can be written as follows [19-22]: 

 

(24) 𝑊𝑒 = ∫ ∫ {𝐹̅𝑒(𝑉̅𝐷𝐶 + 𝑉̅𝐴𝐶 cos(𝜔̅𝜏))
2(𝐶1̅ + 𝐶2̅𝑤̅ + 𝐶3̅𝑤̅

2 +⋯+ 𝐶𝑛̅𝑤̅
𝑛−1)𝑤̅}

2𝜋

0

𝐿

0

𝑑𝜃𝑑𝜉
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where 𝐶1̅ − 𝐶𝑛̅ are constants. In according to the mentioned statement and the results obtained in 
this field, the nonlinear term of electrostatic force is close to the exact solution for polynomial 
function with the order three and greater. 

 
4. Solution procedure 

In this section, by applying the assumed mode method, the in-plane, transverse and shear 
deformations can be expressed as general coordinates and mode shape functions that satisfy the 
geometric boundary conditions, as follows [25] 

 

(25) 

[
𝑢(𝑥, 𝜃, 𝑡)

𝑣(𝑥, 𝜃, 𝑡)

𝑤(𝑥, 𝜃, 𝑡)
] = ∑∑[

[𝑢𝑚,𝑗,𝑐(𝜏) cos(𝑗𝜃) + 𝑢𝑚,𝑗,𝑠(𝜏) sin(𝑗𝜃)]𝜒𝑚𝑗(𝜉)

[𝑣𝑚,𝑗,𝑐(𝜏) sin(𝑗𝜃) + 𝑣𝑚,𝑗,𝑠(𝜏) cos(𝑗𝜃)]𝜙𝑚𝑗(𝜉)

[𝑤𝑚,𝑗,𝑐(𝜏) cos(𝑗𝜃) + 𝑤𝑚,𝑗,𝑠(𝜏) sin(𝑗𝜃)]𝛽𝑚𝑗(𝜉)

]

𝑁

𝑗=1

𝑀1

𝑚=1

 

+∑ [

𝑢𝑚,0(𝜏)𝜒𝑚0(𝜉)

𝑣𝑚,0(𝜏)𝜙𝑚0(𝜉)

𝑤𝑚,0(𝜏)𝛽𝑚0(𝜉)

]

𝑀2

𝑚=1

= ∑ [

𝑢𝑖(𝜏)𝜒𝑖(𝜉)𝜗𝑖(𝜃)

𝑣𝑟(𝜏)𝜙𝑟(𝜉)𝛼𝑟(𝜃)

𝑤𝑠(𝜏)𝛽𝑠(𝜉)𝜓𝑠(𝜃)

] ,

𝑀2+𝑀1×𝑁

(𝑖,𝑟,𝑠)=1

 

Using dimensionless strain and kinetic energies, Eqs. (9) and (10), and also dimensionless applied 
works, Eqs. (11-14), and applying Lagrange- Euler equations, the equation of motion is written to the 
following form:  

 

(26) [(𝑀)𝑢
𝑢]{𝑢̈̅} + [(𝐾)𝑢

𝑢]{𝑢̅} + [(𝐾)𝑢
𝑣 ]{𝑣̅} + [(𝐾)𝑢

𝑤]{𝑤̅} + [(𝑁𝐿)𝑢
𝑤]{𝑤̅2} = [𝐹̅𝑢𝑝], 

(27) [(𝑀)𝑣
𝑣]{𝑣̈̅} + [(𝐾)𝑣

𝑢]{𝑢̅} + [(𝐾)𝑣
𝑣]{𝑣} + [(𝐾)𝑣

𝑤]{𝑤̅} + [(𝑁𝐿)𝑣
𝑤]{𝑤̅2} = [𝐹̅𝑣𝑝], 

(28) [(𝑀)𝑤
𝑤]{𝑤̈̅} + [(𝑐)𝑤

𝑤]{𝑤̇̅} + [(𝐾)𝑤
𝑢 ]{𝑢̅} + [(𝐾)𝑤

𝑣 ]{𝑣̅} + [(𝐾)𝑤
𝑤 − 𝐹̅𝑒2(𝐾𝑒)𝑤

𝑤]{𝑤̅}
+ [(𝑁𝐿)𝑤

𝑢 ]{𝑤̅𝑢̅} + [(𝑁𝐿)𝑤
𝑣 ]{𝑤̅𝑣̅} + [(𝑁𝐿)𝑤2

𝑤 − 𝐹̅𝑒3(𝑁𝐿2𝑒)𝑤
𝑤]{𝑤̅2} 

+[(𝑁𝐿)𝑤3
𝑤 − 𝐹̅𝑒4(𝑁𝐿3𝑒)𝑤

𝑤]{𝑤̅3} = [𝐹̅𝑤𝑒] + [𝐹̅𝑤𝑝] + [𝐹̅𝑐𝑜𝑠Ω̅𝜏],

 

 
where (𝑀), (𝑐) and (𝐾) are the mass, damping and linear stiffness matrices. (𝑁𝐿)𝑢

𝑤, (𝑁𝐿)𝑣
𝑤, and 

(𝑁𝐿)𝑤2
𝑤  are the second-order nonlinear stiffness matrices and (𝑁𝐿)𝑤3

𝑤  is the third-order nonlinear 
stiffness matrix. Also, 𝐾𝑒, 𝑁𝐿2𝑒  and 𝑁𝐿3𝑒 are the linear stiffness, second and third order nonlinear 
stiffness matrices for electrostatic force expansion, respectively. Also, 𝐹̅𝑢𝑝, 𝐹̅𝑣𝑝 and 𝐹̅𝑤𝑝 are the 

applied loads – piezoelectric voltage and surface stress. All coefficients of mass, stiffness, linear and 
nonlinear terms and applied loads of Eqs. (26) - (28) are presented by Hashemi Kachapi [20-22]. 

 
5. Results and Discussions 

A verification study is presented in the work by Hashemi Kachapi et al. [19-22] with full details for 
single-walled (SW) and double-walled (DW) piezoelectric nanostructures. In this section, the effect 
of different material, structural and excitations parameters on dimensionless natural frequencies 
(DNF), critical fluid velocity, nonlinear vibration and stability analysis of piezoelectric biomedical 
nanosensor conveying viscous fluid (bloodstream) are investigated using surface/interface effects. In 
order to simplify the presentation, CC, SS, CS and CF represent clamped edges, simply supported 
edges, clamped-simply supported edges and clamped-free edges, respectively. Furthermore, for 
simplification of the surface effect, SE is represented. The surface and bulk material properties of Al 
nano-shell and the PZT piezoelectric layer are shown in Tables 1 and 2, respectively [12]. 
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Table 1 
Surface and bulk properties of Al [12] 
𝑬𝑵(𝑮𝑷𝒂) 𝝊𝑵 𝝆𝑵(𝒌𝒈/ 𝒎

𝟑)  𝝀𝑰(𝑵 𝒎⁄ ) 𝝁𝑰(𝑵 𝒎⁄ )  𝝉𝟎
𝑰 (𝑵 𝒎⁄ ) 𝝆𝑰(𝒌𝒈 𝒎𝟐⁄ ) 

𝟕𝟎 0.33 2700 3.786 1.95 0.9108 5.46 × 10−7 

 
Table 2 
Surface and bulk properties of PZT-4 [12] 

𝐶11𝑝(𝐺𝑃𝑎)  𝐶22𝑝(𝐺𝑃𝑎) 𝐶12𝑝(𝐺𝑃𝑎)  𝐶21𝑝(𝐺𝑃𝑎) 𝐶66𝑝(𝐺𝑃𝑎) 𝐸𝑝(𝐺𝑃𝑎) 
 

139 139 77.8 77.8 30.5 95 
𝜐𝑝 𝜌𝑝(𝑘𝑔 𝑚

−3)  𝜂33𝑝(10
−8 𝐹 𝑚⁄ )  𝜆𝑆(𝑁 𝑚⁄ ) 𝜇𝑆(𝑁 𝑚⁄ ) 𝜏0

𝑆(𝑁 𝑚⁄ ) 

0.3 7500 8.91 4.488 2.774 0.6048 

𝑒31𝑝(𝐶 𝑚2⁄ )  𝑒32𝑝(𝐶 𝑚2⁄ )  𝑒31𝑝
𝑆 (𝐶 𝑚⁄ )  𝑒32𝑝

𝑆 (𝐶 𝑚⁄ ) 𝜌𝑆(𝑘𝑔 𝑚2⁄ )  

−5.2 −5.2 −3 × 10−8 −3 × 10−8 5.61 × 10−6  

 
The remaining geometric parameters for bulk and surface of VFBNS used in the following cases 

are shown in Table 3 [23]. 
 

Table 3 
Material and geometric parameters 

𝑅(𝑚) 𝐿 𝑅⁄   ℎ𝑁 𝑅⁄  ℎ𝑝 𝑅⁄   𝑏 𝑅⁄   𝐶𝑤(𝑁. 𝑆 𝑚⁄ ) 

1 × 10−9 10 0.01 0.005 0.1 1 × 10−5 

 𝐾𝑤(𝑁 𝑚3⁄ )  𝐾𝑝(𝑁 𝑚⁄ ) 𝑉𝑝(𝑉) 𝑉0 𝑉𝐷𝐶(𝑉) 𝑉𝐴𝐶(𝑉) 

8.9995035 × 1017 2.071273 1 × 10−5 1 3 2 

𝜇𝑓(𝑝𝑎. 𝑠) 𝜌𝑓(𝑘𝑔 𝑚3⁄ ) 𝑢𝑓(𝑚 𝑠⁄ ) 𝐹(𝑁)   

3 × 10−3 1060 50 100   

 
Dimensionless natural frequencies (undamped Ω̅𝑛 and damped Ω̅𝑑) versus dimensionless fluid 

(bloodstream) velocity 𝑢̅𝑓 are presented in Figures 2-8 with respect to different material, structural 

and excitations parameters for stability analysis and estimation of critical fluid velocity of a SS 
piezoelectric biomedical nanosensor with 𝑉̅𝐷𝐶 = 5 and 𝐹̅ = 1.5 × 10−2. As shown in these figures, 
the frequency decreases as the flow velocity increases. In following, the nonlinear vibration and 
stability analysis of piezoelectric biomedical nanosensor using numerical method based on the arc-
length method is investigated. In this section, the effect of fluid velocity 𝑢̅𝑓, different boundary 

conditions, direct voltage 𝑉̅𝐷𝐶, excitation force 𝐹̅ and piezoelectric voltage 𝑉̅𝑝 will be discussed based 

on the frequency response of VFBNS. 
The development of dimensionless frequency Ω̅ versus fluid velocity 𝑢̅𝑓 of the piezoelectric 

biomedical nanosensor for different boundary conditions (SS, CC and CS) is shown in Figure 2. It can 
be seen that for all boundary conditions, the natural frequenciy decreases with the increasing fluid 
velocity. Also, due to the system softening in SS boundary condition and the low natural frequency, 
VFBNS is at a lower critical fluid velocity than it is the case with the other boundary conditions. The 
systems with the CS and CC boundary conditions have higher critical fluid velocity due to being softer. 
For the zero natural frequency, VFBNS becomes unstable and this physically implies that the VFBNS 
losses its stability due to the divergence via a pitchfork bifurcation. 

The effect of length-to-small radius ratio (𝐿 𝑅⁄ ) on the dimensionless natural frequency Ω̅𝑛 versus 
dimensionless fluid velocity 𝑢̅𝑓 for SS piezoelectric biomedical nanosensor is illustrated in Figure 3. It 

is evident that the natural frequency decreases with increasing 𝐿 𝑅⁄  and as a result, the critical fluid 
velocity of the VFBNS increases with the increasing 𝐿 𝑅⁄  ratio. As can be seen, the critical fluid velocity 
corresponding to the lowest investigated value of 𝐿 𝑅⁄ = 3 is smaller than for the remaining 
investigated values of this ratio. This physically implies that first the VFBNS in 𝐿 𝑅⁄ = 3 losses its 
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stability due to the divergence via a pitchfork bifurcation. The reason is that a higher 𝐿 𝑅⁄  ratio leads 
to decrease in the VFBNS stiffness, and cause a lower natural frequency of VFBNS. 

 

 
Fig. 2. The DNF (Ω̅𝑛) versus fluid velocity 𝑢̅𝑓 of VFBNS for different boundary conditions 

 

 
Fig. 3. The DNF (Ω̅𝑛) versus fluid velocity 𝑢̅𝑓 of SS VFBNS for different values of 𝐿 𝑅⁄  ratio  

 
Figure 4 illustrates the effect of shell thickness to small radius ratio ℎ𝑁 𝑅⁄  on dimensionless natural 

frequencies Ω̅𝑛 versus dimensionless fluid velocity 𝑢̅𝑓 for the SS piezoelectric biomedical nanosensor. 

It can be seen that with the increasing nanoshell stiffness ratio (ℎ𝑁 𝑅⁄ ), the natural frequency Ω̅𝑛 and 
the critical fluid velocity 𝑢̅𝑓 decrease. Also, the critical fluid velocity corresponding to the higher value 

of ℎ𝑁 𝑅⁄ = 0.05 is smaller than for the remaining investigated values of this ratio. This physically 
implies that first the VFBNS in ℎ𝑁 𝑅⁄ = 0.05 losses its stability due to the divergence via a pitchfork 
bifurcation. 
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Fig. 4. The DNF versus fluid velocity 𝑢̅𝑓 of SS VFBNS for different values of ℎ𝑁 𝑅⁄  ratio 

 
The effect of piezoelectric thickness to small radius ratio (ℎ𝑝 𝑅⁄ ) on dimensionless natural 

frequencies Ω̅𝑛 versus dimensionless fluid velocity 𝑢̅𝑓 is presented in Figure 5. It can be seen that 

unlike the previous results for ℎ𝑁 𝑅⁄  ratio, in this case with the increasing ℎ𝑝 𝑅⁄  ratio, the DNF and 

the critical fluid velocity 𝑢̅𝑓 increase. Also, the critical fluid velocity corresponding to the lower value 

of ℎ𝑝 𝑅⁄ = 0.005 is smaller than for the remaining investigated values of this ratio. This physically 

implies that first the VFBNS in ℎ𝑝 𝑅⁄ = 0.005 losses its stability due to the divergence via a pitchfork 

bifurcation. 
 

 
Fig. 5. The DNF (Ω̅𝑛) versus fluid velocity 𝑢̅𝑓 of SS VFBNS for different values of ℎ𝑝 𝑅⁄  ratio 
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Figure 6 presents the effect of surrounding medium on dimensionless damped natural frequencies 

Ω̅𝑑 with respect to the dimensionless fluid velocity 𝑢̅𝑓. As can be seen, five medium assumptions in 

this work are: with all visco-medium ( 𝐾̅𝑤 + 𝐾̅𝑝 + 𝐶𝑤̅), without visco-Winkler ( 𝐾̅𝑤 = 𝐶𝑤̅ = 0), 

without visco-Pasternak ( 𝐾̅𝑝 = 𝐶𝑤̅ = 0), without Winkler-Pasternak ( 𝐾̅𝑤 = 𝐾̅𝑝 = 0) and without all 

visco-medium ( 𝐾̅𝑤 = 𝐾̅𝑝 =  𝐶𝑤̅ = 0). It can be observed, when all visco-medium ( 𝐾̅𝑤 + 𝐾̅𝑝 + 𝐶𝑤̅) 

is considered, the critical velocity has the maximum values. In this case, the DNF also has the 
maximum value. This result indicates that the system is not very sensitive to the damping coefficient. 
Also, it is worth mentioning that DNF and critical velocity in Pasternak foundation are larger than DNF 
and critical velocity predicted by Winkler foundation. This is due to the fact that the Winkler 
foundation accounts for the effect of the normal stress of the elastic medium, whereas Pasternak 
elastic foundation accounts for the effect of the tangential and normal stresses of the elastic medium. 

 

 
Fig. 6. The DNF (Ω̅𝑛) versus fluid velocity 𝑢̅𝑓 of SS VFBNS for different cases of visco-medium 

 
The effect of piezoelectric voltage 𝑉̅𝑝 on dimensionless natural frequencies Ω̅𝑛 versus 

dimensionless fluid velocity 𝑢̅𝑓 for SS piezoelectric biomedical nanosensor is illustrated in Figure 7. 

As shown in this figure, with the increasing  𝑉̅𝑝, the natural frequency Ω̅𝑛 and the critical fluid velocity 

𝑢̅𝑓 also increase. This is presumably because the increasing piezoelectric voltage increases the 

nanoshell stiffness. Also, the critical fluid velocity corresponding to the lower value of 𝑉̅𝑝 = 0 is 

smaller than for the remaining investigated values of this ratio. This physically implies that first the 
VFBNS in 𝑉̅𝑝 = 0  losses its stability due to the divergence via a pitchfork bifurcation. 
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Fig. 7. The DNF (Ω̅𝑛) versus fluid velocity 𝑢̅𝑓 of SS VFBNS for different values of 𝑉̅𝑝 

 
Dimensionless natural frequencies Ω̅𝑛 versus dimensionless fluid velocity 𝑢̅𝑓 for SS piezoelectric 

biomedical nanosensor with and without surface/interface energy effects are shown in Figure 8.  
 

  
Fig. 8. Surface/interface energy effects on the DNF (Ω̅𝑛) versus fluid velocity 𝑢̅𝑓 of SS VFBNS 

 
It is obvious that the most important parameters influencing the natural frequencies and fluid 

velocity are surface/interface density (𝜌𝑝𝑠, 𝜌𝑁𝐼  ). Regardless of these parameters (or for lower values 
of the parameters), due to the higher stiffness of VFBNS, the critical fluid velocity is higher than for 
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the remaining parameters and the system losses its stability due to the divergence via a pitchfork 
bifurcation, but the system also has the maximum natural frequency in this case. Also, in the case 
without the S/I effects, VFBNS has greater DNF than in the case with the S/I effects and smaller than 
in the case without surface/interface density. From this result it can be concluded that by changing 
the surface/interface densities, and thus increasing or decreasing the system stiffness, the resulting 
DNF can be lower or greater compared to the model that neglects the S/I effects. Also, in all cases, 
with increasing 𝑢̅𝑓, the natural frequency decreases. 

The effect of dimensionless fluid velocity 𝑢̅𝑓 on nonlinear frequency response of SS piezoelectric 

biomedical nanosensor with 𝑉̅𝐷𝐶 = 5 and 𝐹̅ = 1.5 × 10−2 is illustrated in Figure 9. The results show 
that with the increasing fluid velocity 𝑢̅𝑓, due to the decreasing VFBNS stiffness, the resonance 

frequency Ω̅ decreases and the oscillation amplitude increases. The system displays softening-type 
nonlinear behavior with two saddle-node bifurcations. 

 

 

Fig. 9. The effect of fluid velocity 𝑢̅𝑓 on nonlinear frequency response of SS VFBNS  

 
The nonlinear frequency responses and stability analysis of the VFBNS with 𝑉̅𝐷𝐶 = 5, 𝐹̅ =

1.5 × 10−2 and 𝑢̅𝑓 = 1 is presented in Figure 10 for different boundary conditions (SS, CC, CS and CF) 

and with all surface/interface effects accounted for. It can be seen that the CC boundary condition 
has the highest resonance frequency and the SS boundary condition has the highest resonance 
amplitude. In both cases (CC and CS), the amplitude of the resonance frequency and the type of 
system behavior (softening) as well as the range of instability are approximately the same and they 
are not much sensitive to the boundary conditions. Also, CF boundary condition is stable in all 
resonance frequencies and has a smaller resonance frequency and the amplitude compared to other 
boundary conditions. 

In Figure 11, the effect of different direct electric voltage 𝑉̅𝐷𝐶 on the nonlinear frequency response 
and stability analysis of SS VFBNS is shown. The results show that with the increasing 𝑉̅𝐷𝐶 voltage, the 
oscillation amplitude also increases. Moreover, due to the increasing amplitude of the DC voltage 
(and, hence, the increasing amplitude of the static deflection), the system displays softening-type 
nonlinear behavior with two saddle-node bifurcations. 
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Fig. 10. The effect of different boundary conditions on the nonlinear frequency response and stability 

analysis of the SS VFBNS 

 

 
Fig. 11. The effect of direct voltage 𝑉̅𝐷𝐶 on nonlinear frequency response and stability analysis of SS 

VFBNS 
 

The effect of the excitation force 𝐹̅ on the nonlinear frequency response and stability analysis of 
SS VFBNS with 𝑉̅𝐷𝐶 = 20 and 𝑢̅𝑓 = 1 is presented in Figure 12. The results show that with the 

increasing dimensionless excitation 𝐹̅, the amplitude and the range of the VFBNS system's instability 
also increase with saddle-node bifurcations. Also, with the increasing range of instability and nano 
shell stiffness, the nonlinear softening behavior becomes more proncounced+.  
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Fig. 12. The effect of excitation force 𝐹̅ on the nonlinear frequency response and stability analysis of SS 

VFBNS 
 

The effect of electrostatic excitation (𝑉̅𝐷𝐶) and harmonic excitation (𝐹̅) on the nonlinear softening 
and hardening behavior of SS VFBNS is presented in Figure 13. The results show that, with the 
electrostatic force accounted for, the system is softened and moved to the left, while, if only the 
harmonic excitation is accounted fort, the softness of the SS VFBNS is reduced and tends to move to 
the right, implying that it exhibits hardening behavior. So, we conclude that the electrostatic force, 
which is a consequence of voltage DC, is the cause of nonlinear softening behavior of SS VFBNS. 

 

 
Fig. 13. The effect of electrostatic (𝑉̅𝐷𝐶) and harmonic excitation (𝐹̅) on the nonlinear softening and 

hardening behavior of SS VFBNS 
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Finally, Figure 14 presents the effect of the piezoelectric voltage 𝑉̅𝑝 with 𝑉̅𝐷𝐶 = 20, 𝐹̅ = 1.5 × 10−2 

and 𝑢̅𝑓 = 1 on the nonlinear frequency response and stability analysis of SS VFBNS. It can be seen 

that, as the piezoelectric voltage 𝑉̅𝑝 increases, the resonance frequencies, static deformation and the 

oscillation amplitude of the VFBNS also increase and the instability occurs with a saddle-node 
bifurcation type accompanied by nonlinear softening-type behavior. Also, it is clear from the results 
that the piezoelectric voltage influences the resonant frequency and static deformation but has no 
significant effect on the nonlinear behavior and bandwidth.  

 

 

Fig. 14. The effect of piezoelectric voltage 𝑉̅𝑝 on frequency response of SS VFBNS 

 
6. Conclusion 

In the current study, nonlinear vibration and stability analysis of piezoelectric biomedical 
nanosensor (VFBNS) conveying viscous fluid based on cylindrical nanoshell is investigated using the 
Gurtin–Murdoch surface/interface theory. This piezoelectric nanoresonator is simultaneously 
subjected to visco-pasternak medium, electrostatic and harmonic excitations. For this purpose, the 
Hamilton’s principle, the assumed mode method combined with Euler – Lagrange and also Complex 
averaging method combined with arc-length method are used to derive the governing equations, 
boundary conditions and also to investigate the effect of different material, structural and excitations 
parameters on dimensionless natural frequency, critical fluid velocity, nonlinear vibration and 
stability of piezoelectric biomedical nanosensor.  

The following conclusions are deduced from this study: 

• In all boundary conditions, natural frequencies decrease with the increasing fluid velocity. Also, 
due to the system softening in SS boundary condition and low natural frequency, VFBNS is at a 
lower critical fluid velocity than for other boundary conditions. Upon the SS boundary condition, 
the CS and CC boundary conditions, respectively, reach the zero or critical fluid velocity.  

• For zero natural frequency, VFBNS becomes unstable and this physically implies that the VFBNS 
loses its stability due to the divergence via a pitchfork bifurcation. 
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• Natural frequencies decrease with increasing 𝐿 𝑅⁄  and as a result, the critical fluid velocity of the 
VFBNS increases. The reason is that a higher 𝐿 𝑅⁄  ratio leads to decrease in the VFBNS stiffness, 
and, thus, cause lower natural frequencies of VFBNS. 

• With the increasing nanoshell stiffness ratio (ℎ𝑁 𝑅⁄ ), the natural frequency Ω̅𝑛 and the critical 
fluid velocity 𝑢̅𝑓 decrease.  

• With the increasing ℎ𝑝 𝑅⁄  ratio, the DNF and the critical fluid velocity 𝑢̅𝑓 increase.  

• When all visco-medium is considered, the critical velocity has the maximum values. In this case, 
the DNF also has the maximum value. This result indicates that, in all the considered cases, the 
system is not very sensitive to the damping coefficient.  

• DNF and critical velocity in Pasternak foundation are larger than DNF and critical velocity 
predicted by Winkler foundation. This is due to the fact that the Winkler foundation accounts for 
the effect of the normal stress of the elastic medium, whereas Pasternak elastic foundation 
accounts for the effect of the tangential and normal stresses of the elastic medium. 

• With increasing 𝑉̅𝑝, the natural frequency Ω̅𝑛 and the critical fluid velocity 𝑢̅𝑓 also increase. This 

is presumably because the increasing piezoelectric voltage increases the nanoshell stiffness.  

• The most important parameters influencing natural frequencies and fluid velocity are the 
surface/interface density (𝜌𝑝𝑠, 𝜌𝑁𝐼 ). Regardless of these parameters, due to higher stiffness of 
VFBNS, the critical fluid velocity reaches zero value faster than when compared to the system 
accounting for the remaining parameters. The system loses its stability, but has the maximum 
natural frequency in this case.  

• In the case without the S/I effects accounted for, VFBNS has DNF greater than the case with S/I 
effects and smaller than the case without surface/interface density.  

• By changing the surface/interface densities, and thus increasing or decreasing the system 
stiffness, the DNF can be lower or greater compared to the system not accounting the S/I effects.  

• With increasing fluid velocity 𝑢̅𝑓, due to decreasing VFBNS stiffness, the resonance frequency Ω̅ 

decreases and the oscillation amplitude increases. 

• The CC boundary condition has the highest resonance frequency and the SS boundary condition 
has the highest resonance amplitude. In both cases (CC and CS), the amplitude of the resonance 
frequency and the type of system behavior (softening) as well as the range of instability are 
approximately the same. The CF boundary condition is stable in all resonance frequencies and 
has the minimum resonance frequency and amplitude compared to the other boundary 
conditions. 

• With increasing 𝑉̅𝐷𝐶 voltage, the oscillation amplitude increases. Moreover, due to increasing 
amplitude of the DC voltage, the system displays softening-type nonlinear behavior with two 
saddle-node bifurcations. 

• With increasing dimensionless excitation 𝐹̅, the amplitude and the range of the VFBNS system's 
instability increase with saddle-node bifurcations.  

• If the electrostatic force is accounted for, the system is softened and moved to the left, while if 
only the harmonic excitation is accounted for, the softness of the SS VFBNS is reduced and, hence 
it tends to move to the right and exhibits hardening behavior. So, we conclude that the 
electrostatic force duo to the voltage DC is the cause of nonlinear softening behavior of SS VFBNS. 

• As piezoelectric voltage 𝑉̅𝑝 increases, the resonance frequencies, static deformation and the 

oscillation amplitude of the VFBNS increase and instability occurs with saddle-node bifurcation 
type and nonlinear softening-type behavior.  
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