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method or semi-analytical methods in combination with Fast Fourier
Transformation. In the present work, we develop integral equations for
solving plane strain contact problems between power-law graded elastic
solids based on an incremental procedure introduced by Mossakovskii and
revitalized by Jager. The deduced formulae are very easy to handle and avoid
the complicated solution of common singular integral equations. In this way,
closed-form analytical solutions are obtained, which can serve as a qualitative
estimation of the contact mechanical behavior of real functionally graded
materials. Furthermore, we extend the formulae for solving contact problems
with adhesion under both normal and tangential loading. The application of
the novel method is exemplified by means of the plane strain adhesive contact
between a rigid cylinder and a power-law graded half-space. The
corresponding closed-form analytical solutions coincide with the results
previously obtained only numerically by other authors.
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1. Introduction

Wherever components must withstand extreme mechanical, thermal, or chemical stresses,
nowadays they are manufactured from functionally graded materials (FGM). By using FGMs,
properties such as Young’s modulus, fracture toughness, hardness or ductility can be precisely
controlled within one component. Classic applications in mechanical engineering include turbine
blades and disks, cylinder liners, bearings, cutting tools or piezo-electric ultrasonic transducers. FGMs
are also of great significance for other sciences like biology, optoelectronics, or medicine [1]. One
modern application from the latter field are orthopedic implants for shoulder, hip, or knee joint
replacements. In many cases, functionally graded scaffolds with spatially varying porosity are used
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for bone and dental implant applications to mimic the spatial differences in biological and mechanical
properties [2,3].

The solution of contact problems is already a major task for homogeneous elastic materials,
especially when dissimilar materials are present and arbitrary loading scenarios or effects such as
molecular adhesion and lubrication must be considered. The inclusion of functionally graded
materials further increases the level of difficulty. In most cases, numerical methods are required. One
option are user-friendly FEM-packages, that even allow including some multi-physical interactions
between the contacting surfaces. However, unexpected results can emerge whose correctness needs
to be questioned and clarified. In such cases and for qualitative prediction of the contact mechanical
behavior, analytical treatments under appropriate simplifying assumptions can be extremely useful.
Typical methods for finding analytical solutions are summarized in the classical textbooks on contact
mechanics [4-6]. A common method is based on the half-space solutions due to line or point forces,
which serve as Green’s functions, to provide integral equations for the case of distributed normal
and tangential tractions transmitted at contact interfaces. For plane contacts, this leads to singular
integrals that are sometimes difficult to calculate. As a demonstration let us look at the corresponding
equations for a plane contact between two elastically graded solids. Both are assumed as half-planes
whose Young’s moduli change perpendicular to their surfaces according to the power-law

k
E(y)zEO[—j , —1l<k<1, (1)
Yo

where yo denotes the characteristic depth at which the Young’s moduli are equal to Eo, irrespective
of the exponent k. For negative exponents k, the power-law describes a material whose Young's
modulus gradually decreases with depth, starting from a very stiff surface. For positive ones, the
elasticity changes from a soft surface to a very stiff core. Fig. 1 illustrates the behavior of Young’s
modulus with depth for k = +0.5, two representative exponents which will be used in almost all
further analyses.

E(y)/Eo

3

Fig. 1. Variation of Young's modulus towards the interior of a power-law graded half-plane for three
representative exponents of elastic inhomogeneity

As mentioned above, we now list the singular integral equations that consider the effect of
distributed pressure p(x) and tangential tractions g(x) on the surface displacements of a power-law
graded (PLG) half-plane. They were probably first noted in completeness by Popov [7] and read:
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with elastic parameters defined by

o(k,v)= 1_/:2 sin('g(k:)ﬂjﬂk(;i)c(k,v):{ﬂk(:’i)j b(kv)
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and
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(4)

1-v

kv

ﬂ(k,v)—\/(l ](1+k), C(kyv)= . F25 k)

In addition to the contact between a rigid body and a power-law graded solid, we investigate the
contact of two power-law graded solids, but for the sake of simplicity the same exponents of elastic
inhomogeneity (and characteristic depths) are presumed. A schematic representation of two
contacting power-law graded elastic solids with positive in-depth gradings is shown in Fig. 2 on the
left (a) whereas the solids on the right (b) consist of negative in-depth gradings, representing a stiff
interface and soft cores.

»Q X
QeT— =
Eyy v yy k>0
01:%1 A
P

(a) (b)
Fig. 2. Schematic representation of the contact between two power-law graded elastic solids:
(a) Elastic modulus of both increases with distance from their surfaces, representing a soft
interface and stiff cores (b) Elastic modulus of both decreases towards their interior,
representing a stiff interface and soft cores

Egs. (2) also hold for this case, however, the displacements are then to be understood as relative
displacements and the elastic parameters must be replaced as follows
g(k,v) N g(k,v,) +g(k,v2) I(kyv) I(kvy) I(kv,) b(kyv) b(kvy) b(kv,)

, - — , - + .(5)
EO EO 1 EOZ EO EOl EOZ EO EOl EOZ

As expected, the Egs. (2) are completely decoupled for frictionless contact. However, normal and
tangential effects are decoupled as well, if the condition
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l(k’vl):/(k’VZ) (6)
EOl EOZ

is satisfied. As a result, the Eqgs. (2) simplify to

_ k91 | 9 wQ(é)df
1y ()=t [Em o j_j@ o

[ by b )% p(£)dE’
u, (x)=vq [Em i JJ;O—|X_§|k

(7)

with gi = g(k,vi) and bi = b(k,vi).

The reason why we only treat graded materials according to the power law (1) and additionally
assume elastically similarity, i.e. fulfill the condition (6), is that it is one of the few cases that allows
closed-form analytical solutions. Even for two power-law graded solids with different exponents of
elastic inhomogeneity, the solution of plane contact problems becomes considerably more
complicated. Recently, Antipov and Mkhitaryan [8] have proposed a novel solution method based on
Gegenbauer orthogonal polynomials, which leads to an infinite system of linear algebraic equations
with a special structure that needs to be solved numerically. For in-depth gradings deviating from the
power law, analytical solutions become even more complex and are usually only possible in an
asymptotic way [9].

As simple as the integral Egs. (2) and (7) may look, their inversion, when for example knowing the
surface displacements within the contact area of a pure normal contact, is mathematically
complicated. For the normal contact of a rigid punch and a PLG-solid under non-slipping boundary
conditions taking coupling effects into account, Popov [7] solved the weakly singular integral
equations in a general form based on a series of Jacobi polynomials. Explicit solutions were given for
the pressure and tangential tractions under a flat punch.

In this paper we use a mathematically much simpler method proposed by Mossakovskii [10] and
revitalized by Jager [11]. According to this method, the general solution of a normal contact problem
can be constructed from the superposition of incremental flat punch solutions, regardless of whether
a symmetrical or asymmetrical contact is present. This also applies to the determination of the
stresses within the half-plane, which can be determined through a superposition of corresponding
incremental Muskhelishvili potentials [12,13]. Tangential or torsional contacts can be solved in a
similar way. In a recent paper [14], the method was applied for solving plane non-slipping normal
contacts of dissimilar but elastically homogeneous materials and integral equations for the case with
finite friction under the simplifying Goodman assumption were given as well. A general solution for
axisymmetric normal contacts of power-law graded elastic solids based on the Mossakovskii-Jager
procedure has been derived by Jin and Guo [15] and for arbitrary normal and tangential loading by
HeR and Li [16]. We will adopt this procedure for the treatment of plane contacts.

The paper is structured as follows. In Sect. 2, general formulae for the non-adhesive plane strain
normal contact of power-law graded solids are derived based on the incremental method. In Sect. 3,
these formulae are extended to include JKR-adhesion by applying the compliance method. How to
consider the influence of an additional tangential line load is illustrated in Sect. 4.3. For the adhesive
plane strain contact of a rigid cylinder and a power-law graded half-space, closed-form analytical
solutions are derived in Sect. 4. The solutions agree with the results obtained so far only numerically
by other authors.
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2. Mossakovskii-Jager Procedure Applied to Plane Normal Contact Problems of PLG-Solids

2.1Indentation of a Power-Law Graded Elastic Half-Plane by a Flat-Ended Rigid Punch

The method of Mossakovskii and Jager for deriving general integral solutions for normal contact
problems (without friction) demands knowledge of the flat punch solutions. The corresponding
contact is shown in Fig. 3 for the case of a rigid flat punch of half-width a and a power-law graded
half-plane with positive in-depth grading. Since the normal surface displacement of the half-plane
are not bounded at infinity for negative exponents of elastic inhomogeneity, we additionally specify
the uniquely defined position hy(x) of the deformed surface measured from the lowest point of the
indentation. Remember that the same problem occurs with elastically homogeneous half-planes, as
the displacements are logarithmically divergent. P specifies the normal line load and 6, the

indentation depth (uniquely defined only for positive k).

A

i e |

stiff Power-Law Graded Half-Plane

Fig. 3. Indentation of a power-law graded elastic half-plane by a flat rigid punch of half-width a

The pressure distribution for frictionless contact already emerged as a special case from Popov's
work [7]. However, complete solutions including the surface displacements (for positive k), have been

presented by Booker et al. [17]. We adopt and extend these solutions:

kp| (2t (1=k k 2
h (x,P)—byof ( 2 ) ( 2 )_ﬂ ,F, E’_1+k’_2+k;a_ for |x|>a,
Y E,a \/; X 2 2 2 X
T(2k\T( 1=k
. ( 2\}_( 2 ) for |x|£a
u (x,p)= 2P N7 , 0<k<1,
E,a" ||a k 1+k 2+k o
—| JR| - ——i————| for |x|>a
2 2 2 x
with the hypergeometric function defined by
© (a)n(b)ni [(x+n)

ZFl(a'b;C;z)::nZE)W (), o

and the Gamma function I'.

(8)

(9)

(10)

(11)
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2.2 General Solution by Superposition of Incremental Flat-Punch Solutions

Let us now assume that the power-law graded half-plane is indented by a convex symmetrical
punch. The initial state where both bodies are just touching at one point before loading, is depicted
in Fig. 4. The shape of the indenter and thus the initial gap is given by the function f(x). The
approximated shape of the indenter in Fig. 4 already indicates that the indentation process can be
understood as a sequence of incremental indentations of flat punches with different contact half-

widths0<d<a.

Rigid Body
flx)

Power-Law Graded Half-Plane

Fig. 4. Indention by a curved rigid punch can be considered as a series of incremental flat-
punch indentations of different contact half-widths; f(x) represents the initial gap function

For this reason, the complete solution of the contact problem can be constructed by an
appropriate superposition of incremental flat punch solutions corresponding to different contact
half-widths. The incremental contributions of a flat-ended punch of half-width ¢ to pressure and

deformations resulting from Egs. (8) to (10) are

24k \p'(a)da
dp(x,) L3P (@)da - (12)

\/_F(“k) (a —x)2

kpr( = T 2+k T 1-k k ~2
dhy (X,El): byop~£a)l: ( 2 ) ( 2 )_ E zFl{E'ﬂ;ﬂ a_ZJ]da for |x|>a (13)
E,d N 2" 2 " 2 'x
(2T (1=K
e ( 2\/—)—( 2 )dé for [x|<a
duy(x,6)=y0—~$‘) T ,0<k<1. (1)
Eqa a k 1+k 2+k a
| 2 1( i jda for |x|>a
2 2 2 X2

Only that flat punch solutions corresponding to half-widths |x|< & < a contribute to the pressure at
a point x within the contact region. The sum of these contributions provides
[(%k) @ n, (a .

( 2 ) y( ) da (15)

TN ERT

p(x.a)=

where we have introduced the function
n,(a)="P(a)/a". (16)
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To determine the position hy(x) of the deformed surface measured from the lowest point of
indentation, solutions according to Eq. (13) for different contact half-widths must be added. A
distinction between two different cases is necessary. While for points outside the contact region all
flat-punch solutions associated with contact half-widths 0 < 4 < a must be taken into account, for
points x within the contact region only those provide non-zero contributions that belong to smaller
half-widths 0 < 4 <| x|, hence,

k Min{|x.a} 24k 1-k ~1k
h,(xa)="2 | ny(a){%—‘% zFl(k,ﬂ,ﬂ,Z—ﬂda (17)

2 2 2
In an analogous way, a governing integral for determining the surface displacement (provided
that 0 < k < 1) can be established:

(0]

pyk | Mrlbdet & k 1tk 2+k & r(zk)r(sk) o
u (x,a)=— n (a F - — do+——F==7 n (a)da|. (18)

As a special case, from Eq. (18) the indentation depth 6y emerges as well
by k I‘*(2+k)r
EO

5,(a)=-% jn a)da, 0<k<1. (19)

Furthermore, the normal line load P as a function of the contact half-width a is obtained by means
of Eq. (16)

P(a)=[n, (d)d"dd. (20)

0

All the above formulae include one and the same function ny(&), which must be determined from
the given boundary conditions. We would like to distinguish between two types in the following
sections.

2.2.1 Frictionless normal indentation (prescribed normal displacement)

Let us first consider a frictionless normal indentation of a curved rigid punch whose shape is
specified by a symmetric function f(x). Obviously, within the contact zone, the position of the half-
plane surface measured from the lowest point of the indenter must correspond to the shape of the
intender, i.e.

h,(x,a)=f(x), for |x|£a. (21)
Substituting Eqg. (17) into Eq. (21) and then differentiating both sides by x gives

k¥ 5k
bky 1 ( )a Sgn(X)d&:f’(x). (22)
EO o (xz _52 )1+k

Eqg. (22) describes a generalized Abel transform whose inversion yields
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dx . (23)

2.2.2 Prescribed (symmetric) pressure applied to a surface region of half-width a

Let us now assume that a symmetric pressure distribution is prescribed over a region of width 2a
on a power-law graded elastic half-plane. This type of boundary condition can be of interest, for
example, for the investigation of contacts with adhesion or for the calculation of the final shape of a
worn contact subjected to oscillatory shear [18-20]. In this case, the function n,(d) must be
determined from Eq. (15). This in turn requires an Abel reverse transform, which leads to

0 (6) -t L] let)

4 . (24)
P(34)r(4*) da (2"

3. General Solution for Normal Contact Problems with JKR-Adhesion

In the following, we establish the governing equations for the solution of the normal contact with
adhesion under the classical assumption that adhesive interactions only play a role within the contact
region. For the contact between an elastically homogeneous sphere and a rigid, smooth plane,
Johnson, Kendall and Roberts (JKR) provided a solution by finding the minimum of the total potential
energy. A generalized version of the JKR-theory for application to other geometries and
inhomogeneous (but linear) materials was developed by Shull et al. [21,22]. We apply this so-called
“compliance method” to plane adhesive contacts between PLG-solids.

In the equilibrium of the adhesive contact, the elastic energy release rate G is equal to the work
of adhesion Ay

G=Ay. (25)

In the framework of the compliance method the elastic energy release rate can be determined by

2
P . —P) dS dP
G = ( n.a. . ) y , Sy = n.a. , (26)
4s da dd, na

where the index "n.a." denotes the corresponding non-adhesive solution and S, the normal contact
stiffness (which is strictly speaking uniquely defined only for 0<k<1). The latter can be obtained most
easily from Eq. (10) of the non-adhesive flat-punch indentation, as the half-width is fixed here. After
substituting into Eq. (26) and application of the equilibrium condition Eq. (25), we obtain

k+1
P(a)=P,, (a)- J 4ApmEa ™t (27)

bkygs T'(2:6)T(155)

2

2

Hence, the JKR-adhesive contact can be regarded as a superposition of a non-adhesive indentation
with a rigid-body translation at fixed contact width. The second term on the right-hand side in Eq.
(27) indicates this (unloading) part, which is equivalent to a negative indentation by a rigid flat punch.
The pressure distribution and the variables of half-plane deformation are composed in the same way
by the corresponding non-adhesive solutions and the flat punch solutions. By using Egs. (8) to (10)
and taking the corresponding “flat punch” line load of Eqg. (27) into account, the following results are
obtained
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AT (2 2\ 5
p(x,a)=p,, (x,a)- (53)ar [1—)(—2) , (28)

JabkygT (15 ) (Tk) a
_ | abygarNza | T(H)T(E) |aff k 1tk 2+k o”
hy(X'a)_hy,n.a.(X'a) \/EOkF(Zerk)r(lzk)l: N . 2h 2 2 2 2 ,(29)

2+k 1-k k _1-k
s,(a)=5 (a)_\/4r(2)r( 1 )Arbyea , 0<k<1. (30)

ke,

It is worth noting that Eq. (29) specifies the position of the deformed surface measured from the
lowest point of the indentation only for |x|>a. For points within the contact zone, it is given by the
initial gap function according to the boundary condition (21).

The critical configuration characterized by the half-width ac, at which the contact loses its stability
and detaches, is determined from the condition

dp,, (a)| _k+1\/ 4AyImE k™

da 2 \|bkysT(24)0(5F)

2 2

(31)

a=a,

The line load in the critical state P. (also called adhesion force per unit length) results after
substituting the critical half-width in Eq. (27).

Note, that an extension of the compliance method for taking tangential loading into account is
presented in Sect. 4.3.

4. Example: Adhesive Contact between a Rigid Cylinder and a Power-Law Graded Half-Plane

To illustrate the simplicity of the solution method, we deal below with the indentation of a PLG-
half-plane by a rigid cylinder of radius R. First, the frictionless normal contact without adhesion is
solved and then this solution is extended by the corresponding rigid body translation resulting in the
solution of the adhesive contact.

4.1 Non-Adhesive Solution

Fig. 5 shows the plane strain indentation of a power-law graded half-space by a parabolic cylinder
with radius of curvature R.

X - -

Power-Law Graded Half-Plane

Fig. 5 Plane strain indentation of a power-law graded half-space by a parabolic cylinder with
radius of curvature R

The shape of the indenter and thus the initial gap function including its derivative are given by
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f(x):ﬁ = f'(x)==. (32)

Substituting this contact profile into Eq. (23) and performing the integral yields
i JrE
n,(a)= P

" bkv)kye T(34)r (%)

All defined quantities that characterize the contact were defined exclusively by the above

function. The line load P as a function of the contact half-width a follows from Eq. (20) after
elementary calculation

. (33)

X |

J;ank+2

" 2b(k,v)RySkT ()T (354)

2

(34)

P(a)

In the limiting case k=0, the well-known result of the plane strain Hertzian contact is recovered,

T E,al
P(a,)=——""222—, (35)
(9)=7 (1-v%)R
with the corresponding half-width denoted by ao. If the same line load P is applied, the ratio of the
contact half-widths is

1

o [ )

ap 2(1—1/2)

(36)

This ratio is visualized in Fig. 6 as a function of the exponent of the elastic inhomogeneity for three
selected characteristic depths and a Poisson's ratio of v=0.3. Obviously, the characteristic depth
influences the curve significantly. For the two larger characteristic depths yo/ao=1 and yo/ao=10,
monotonically increasing curves result, whereby the contact half-widths for negative exponents of
elastic inhomogeneity are smaller and for positive exponents larger than the contact half-width for
elastically homogeneous material. For the characteristic depth yo/a0=0.1, however, the contact half-
width for negative exponents is greater than for elastically homogeneous material and decreases
monotonically. This decrease extends into the range of positive exponents where it reaches a
minimum and then increases again.
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[T T T T

— yO/ao=0.1

— Yolap=1
I yO/a0=10

alag

-1.0 -0.5 0.0 0.5 1.0

Fig. 6 Normalized contact half-width as a function of the exponent of elastic inhomogeneity k
for selected characteristic depths and a Poisson's ratio of v=0.3

To determine the pressure distribution, Eq. (33) is used in formula (15). Taking Eq. (34) into
account, we obtain

1+k
\/_F(—k)a a2
The pressure distribution normalized to the mean pressure that occurs when a homogeneous half-
plane is indented by the same line load P, is depicted in Fig. 7 for selected values of the exponent of
elastic inhomogeneity. Since yo=ao was chosen for the characteristic depth, negative exponents
result in a smaller contact half-width combined with a larger maximum pressure compared to the
elastically homogeneous case. For positive exponents, the opposite behavior arises. As discussed

above regarding the contact half-width, the pressure distribution is also significantly influenced by
the choice of the characteristic depth, which can sometimes result in completely contrary behavior.

T T T T T T

1.4 1
Yo =0ap, v=0.3
1.2 1
10 1

0.8F 1

2pa, /P

0.6 ]
— k=-0.5

04F | — k=0 1

02F | — k=05 ]

0.0 r— " 1 r— " 1 r— " 1 r— " 1 r— " " " " i —
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Ix|/ao

Fig. 7 Normalized pressure for selected values of the exponent of elastic inhomogeneity. The
Poisson's ratio is v=0.3 and the characteristic depth is chosen to be equal to the contact half-
width when indenting an elastically homogeneous half-plane
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The position of the deformed surface of the half-plane outside the contact measured from the
lowest point of indentation as well as the indentation depth must be determined from formulae (17)
and (19). After the result from Eq. (33) has been inserted a short calculation leads to

a’l1 NS alf k 1+k 4+k o’
”v(x"’):ﬁ[z‘zr(w)r(w); Al g g )| e B8
2 2 X
and
02
5),(0):%, O<k<1. (39)

4.2 Extension to Adhesive Solution

We now extend the normal contact problem to consider the effect of adhesive interaction within
the contact region. Fig. 8 illustrates this kind of contact including its characteristic JKR-neck which
resembles a mode | crack tip in linear elastic fracture mechanics.

Power-Law Graded Half-Plane

Fig. 8 Plane strain adhesive normal contact between a rigid parabolic cylinder with radius of curvature R and
a power-law graded half-space

After substituting the solution of the non-adhesive normal contact given by Eq. (34) into Eq. (27), the
line load as a function of the contact half-width is obtained

\/;ank+2 _\/ 4A7/\/;ank+l

=2b(k,v)Ry'0<kF(4zi")F(ﬂ bkygr(yk)r(u) '

2 2 2

(40)

P(a)

Fig. 9 illustrates this relationship in normalized form for two different power-law graded half-planes.
While a graded half-plane with k=0.1 is considered in Fig. 9(a), the curves for a grading with k=-0.1
are shown in Fig. 9(b). The curves on the left already indicate that the critical line load decreases in
magnitude as the characteristic depth increases, while the critical contact half-width increases. For
the PLG-half-plane characterized by k=-0.1, however, the opposite behavior occurs.
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0.8 T T T 0.8 T
" k=0.1, E*R/Ay=100, v=0.3
06Ff 06F
[0 [ o
S 0.4 ‘ 3 04rF — Rly=1
[ — Rly=1 ] — Rlyo =100
0.2} — Rlyo =100 . 0.2} — R/y, =10000
— Rlyo =10000
i k=-0.1, E*R/Ay=100, v=0.3
0.0 . L ol |
-10 0 10 20 30 -10 -5 0 5 10 15 20
P/Ay P/Ay
(a) (b)

Fig. 9 Normalized relationship between contact half-width and line load for different
characteristic depths and two representative in-depth gradings: (a) Positive in-depth grading
with k=0.1 and (b) Negative in-depth grading with k =-0.1. The Poisson's ratio was assumed

to be v=0.3 and E*R/Ay = 100. The black line indicates the solution of Barquins for
homogeneous material.

It should be noted that Giannakopoulos and Pallot [23] already present a series of basic equations
for solving the present adhesive contact problem in the appendix of their work. They used the
classical approach of minimizing the total potential energy but did not provide any in-depth analyses.
Based on the approaches of Giannakopoulos and Pallot, Chen et al. [24] analyze the problem in a
numerical way. In their opinion “simple closed-form solutions cannot be obtained easily. Numerical
calculation must be carried out to analyze the interfacial adhesion behavior.” This claim is somewhat
surprising, as the authors indeed recognize that the solution can be composed of two parts. However,
they do not take advantage of the fact that the universal rigid body part must correspond exactly to
the critical line load at which a flat punch adhesive contact loses its stability. This is the last term on
the right-hand side in Eqg. (27) or Eq. (40). Fig. 9(a) matches exactly the Fig. 4 from Chen et al.
generated from numerical calculations.

The dependence of the contact half-width from the line load for different exponents of elastic
inhomogeneities and two chosen characteristic depths is depicted in Fig. 10. For the curves on the
left, Fig. 10(a), the characteristic depth was chosen to be equal to the radius of curvature of the
parabolic cylinder. In this case, the maximum pull-off force decreases as the exponent of the elastic
inhomogeneity increases, while the critical contact half-widths become larger. In Fig. 10(b), a 100
times smaller characteristic depth was set (yo=R/100). For this specification, the maximum pull-off
line load increases with increasing exponent of the elastic inhomogeneity, while the critical contact
half-widths remain approximately the same. Note, that these results are qualitatively consistent with
the findings of Li and Liu [25] (for high Tabor parameter), who study the adhesive plane strain contact
problem between a graded coated half-space and a cylindrical indenter by using a Maugis model. The
influence of the FGM coating thickness can be roughly understood as the influence of the
characteristic depth. A stiffness ratio of the FGM coating (ratio of Young’s moduli at its top and
bottom) greater than 1 can be roughly interpreted as a negative exponent of elastic inhomogeneity,
whereas a positive one represents stiffness ratios lower than 1.
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Fig. 10 Normalized relationship between contact half-width and line load for different
exponents of elastic inhomogeneities and two representative characteristic depths: (a)
Characteristic depth yo is equal to radius of curvature (b) Characteristic depth yy is significant
smaller than radius of curvature. The Poisson's ratio was assumed to be v=0.3 and E*R/Ay =
100. The black line indicates the solution of Barquins for homogeneous material.

The critical half-width, at which the contact loses its stability and detaches spontaneously, results
from condition (31),

S
k(k+1)"T(22%)T (55 )bAyy¢R 2
a. =

c \/;EO ’

and the corresponding critical line load is

(41)

34k
. _ (k+1)(k+3)ArR JrE, . (42)

2 k(2] T (3505 baryR?

Taking lim [kb(k,v)] :2(1—1/2 )/72' into account, the limit k = 0 of Egs. (40) to (42) yield the known

k—0
results for elastically homogeneous material originating from Barquins [26]

* 1/3 +\1/3
rEd® 2R*A Ay’ RE
P(Cl) = —+/27ak A)/l ac,JKR = (—*7} ’ PC'JKR = _3[7—J ’ (43)

4R 7E 16

where E*=Ey/ (1-v?). The thin black lines in Fig. 9 and Fig. 10 represent the corresponding curve of
the contact half-width as a function of the line load.

Using the critical values given in Eq. (43) for homogeneous elastic material for normalization, Fig.
11 clarifies the effect of the exponent of elastic inhomogeneity and the characteristic depth on the
critical contact half-width and the critical line load (pull-off force per unit length). It becomes evident
that both have a significant influence on the critical values. For the largest characteristic depths yp,
the critical half-width increases monotonically with rising k where the half-width for negative k being
smaller and for positive ones larger than that for homogeneous elastic material. For moderate
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characteristic depths, there are no substantial deviations from the half-width for homogeneous
material over a wide range of exponents of elastic inhomogeneity (-0.7<k<0.9). For the smallest
characteristic depth yo considered, an interesting curve emerges with a pronounced relative
maximum around 3.68 at k=-0.78 and a relative minimum around 0.384 at k=0.83 (green curve in Fig.
Fig. 11(a)). The maximum pull-off force (per unit length) depicted in Fig. 11(b) exhibits a
monotonically decreasing behavior with increasing exponent for the largest characteristic depth
considered. For smaller characteristic depths, the maximum line load for negative k is smaller than
that for homogeneous material and a monotonically increasing function in this range. The positive
slope ends in a relative maximum in the range of positive exponents k and then goes steeply towards
zero. The maximum in the case of yo=0.0001R is located at k=0.87 and amounts 4.34, i.e. the
maximum pull-off line load is more than four times greater than that for homogeneous material.
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Fig. 11 Effect of the exponent of the elastic inhomogeneity on (a) the critical contact half-width
ac and (b) the pull-off line load P.. The Poisson's ratio was assumed to be v= 0.3 and E¥R/Ay =

(a)

100.

(b)

1.0

Finally, the pressure distribution, the position of the deformed half-plane surface, and the
indentation depth should be determined. For this purpose, the non-adhesive solutions (37) to (39)
have to be inserted into Eqgs. (28) to (30). The results are

p(x.a)=

h, (x.a)

Lk = =
£ a1 L) AT (Zk)AyEq,a . X2 ' (a4)
L L S B N Y Ol
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Rk[2 2r(s)r()lxd 2" 2 72 e
, (45)
_ | Apveapdna (PO ol | (k 1ok 2+k a®)| 1y
N I S O
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§y(a)—2Rk—\/ NE , 0<k<1 (46)
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4.3 Adhesive Contact with Both Normal and Tangential Load

Chen et al. [24] also investigated the influence of a subsequently applied tangential load on the
adhesive behavior. They made use of the common assumption that the application of the tangential
load results in a constant tangential displacement of the contact region as a whole. In addition, they
still assumed uncoupling of normal and tangential effects, i.e. normal stresses do not result in relative
tangential displacements and vice versa. The authors once again solved this problem numerically,
since they believe that closed-form analytical solutions are difficult to achieve, like in the case of pure
normal loading. However, explicit analytical solutions can also be found in this case. This is possible
by application of the recently introduced extension of Shull's compliance method by Hefl3 and
Forsbach [27] (see Eq. (29)). In this case, the elastic energy release rate according to Eq. (26) must be
complemented by energetic contributions due to the tangential loading. For plane strain symmetric
contact problems of half-width a, the following formulation has to be applied

2
P _—P) dS 2 ds dp, d
Gz(n.a. 2) y+ Qz X, Sy:=¢’ SXIZ&, (47)
4Sy da 4SX da d5y,n.a. dé‘xln-a-

where Q denotes the tangential line load and Sx the tangential contact stiffness. It should be
emphasized that this condition can also be derived from the relationship between the energy release
rate and the stress intensity factors at the edge of an adhesive tangential contact. It was probably
first proposed by Johnson [28]. An equivalent approach in the framework of the method of
dimensionality reduction was developed by Popov et al. [29]. They applied it to study the effect of a
tangential displacement on the adhesion strength of a contact between a parabolic Indenter and an
elastic half-space.

5. Conclusions

Based on the Mossakovskii-Jager procedure, new formulae have been developed that allow
closed-form analytical solutions of plane strain normal contacts between power-law graded elastic
solids. By means of Shull's compliance method, these formulae were extended in a simple way to
take JKR-adhesion into account. For this purpose, only the critical line load must be added, at which
a flat punch in adhesive contact with a power-law graded half-plane loses its stability. To demonstrate
the power of the new calculation tool, the adhesive plane strain contact of a cylinder and a power-
law graded half-space was investigated. Until now, this problem could only be solved numerically. In
contrast, we provide simple closed-form analytic solutions which include the range of negative
exponents of elastic inhomogeneity and thus a negative in-depth grading. The results confirm that
the critical contact half-width and the pull-off line load respond extremely sensitive to changes in the
exponent of the elastic inhomogeneity, especially for small and large characteristic depths. For the
smallest characteristic depth considered, the maximum of the critical half-width lies at k=-0.78 and
is more than three times the critical half-width for homogeneous material. The pull-off line load on
the other hand, has its maximum at k=0.87 and is more than four times higher than the classic value
for homogeneous material.

The additional influence of a tangential line load can be investigated by means of an extension of
Shull's compliance method presented in Sect. 4.3. Furthermore, due to the form analogy of the
uncoupled integral equations (7), corresponding formulae for solving tangential contacts can be
listed directly. In a follow-up work, these equations are used to study the effect of elastic grading on
the local slip and the dissipated energy per loading cycle for plane strain fretting contacts. Studies for
axisymmetric contacts have recently been conducted in collaboration with one of the authors [30].
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