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Keywords: depends only on a small set of governing dimensionless parameters and

Dynamic contact; Friction; Tangential and allows the determination of the sphere’s tangential and angular velocities

normal contact forces; Oblique impact; after the collision. This function is used to calculate the tangential restitution

Numerical simulations coefficient (tangential velocity recovery rate) and the cyclic rotation

frequency of a sphere for the parameters of a particular experiment involving
the reflection of an aluminum-alloy particle from a glass plate. The obtained
results agree with the experimental data with high accuracy, which confirms
the adequacy of the proposed numerical model.

1. Introduction

In many technological applications it is important to understand the processes during collisions
of solid particles [1, 2]. The collision characteristics determine, for example, the dynamics of granular
media [3-5]. Understanding the mechanics of interactions between colliding particles in dissipative
systems is crucial for uncovering the physical principles that govern the dynamics of complex systems
[6, 7]. Hitherto, many issues remain unresolved in this area, as the precise dynamics of the collision
— including partial slip, full slip or no-slip in the contact area during various phases of the impact —
can be very complicated [8-10]. Due to importance of this class of problems it has been studied
theoretically [11-13], experimentally [14, 15] and numerically [16, 17].
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A classical theory for the case without slip i.e. an infinite coefficient of friction, based only on
conservation laws and the rolling condition, can be found in textbooks on mechanics [18]. It is,
however, contradictory, since the body is considered to be elastic, but, at the same time, the
kinematic condition of a rigid-body rotation for the sphere is used. The tangential contact, as well as
micro-slip in the contact zone, was first described in [8] (MBF theory). The authors of this work made
use of the theory for the normal contact of elastic spheres, proposed by Hertz in 1882 [19], and
Mindlin’s theory for the respective tangential contact problem [20]. Later, Barber proposed an
analytical description [21], but only for collision phases without slippage. The MBF theory was
confirmed experimentally by the authors themselves in [22], and later also by other collectives [23—
25]. A review of existing collision models and their experimental confirmation can be found in the
book [26].

In [27], it was shown that the Hertz-Mindlin theory can be exactly reproduced by replacing the
real three-dimensional contact with a contact between a certain modified plain profile and a linearly
elastic foundation of independent springs [28]. This approach has been called the Method of
Dimensional Reduction (MDR) and results in a great simplification of the analysis of dynamic contact
problems. Thus, the collision of elastic spheres without slip or adhesion could rigorously be analyzed
in [29]. The generalizations of a collision with a finite friction coefficient in the contact zone (without
adhesion) as well as of an adhesive collision without slip have been carried out in further papers [30,
31]. In connection with the fact that a large amount of experimental material has been accumulated
on the dynamics of collisions, we had the idea to describe a real experiment using an MDR model.
This is the subject of the present work. It shows that the simulation of the collision of a spherical body
with a half-space coincides almost perfectly with the experimental results, which confirms the validity
of the models developed earlier.

2. Problem definition
Consider a collision of an elastic ball with mass m and radius R with an elastic half-space, as shown
in Figure 1.
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Fig. 1. Schematic representation of the collision of a spherical homogeneous body with a half-space at an
angle a to the surface. The normal velocity component does not change after collision in absolute
maghnitude, since an elastic collision is considered

Let the elastic moduli of the ball and half-space be E; and E,; the Poisson ratios shall be v; and
v,, and the shearing moduli G; and G, respectively, and the mass of the ball m. The initial velocity
of the ball v, is decomposed into a vertical v,, and horizontal v,, components before the collision
event, the initial cyclic rotation frequency of the ball is w. A part of the kinetic energy is transferred
to the body with which the ball contacted after the collision event. As a result the velocity of the ball
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after the collision is v (with vertical —v,, and horizonal v, components ) and cyclic frequency of the
special body is w. If all velocities are known, it is easy to determine the slip angle for the falling body
a’ and also the slip angle B° of the ball rebounding from the surface.

First, we give the classical solution of this problem without slip. The equations for the balance of
momentum and angular momentum have the form

m(vy = vyo) = = [ F(6)dt (1)

I(w — wo) = —R [} E(t)dt, 2)

where I = (2/5)mR? is the moment of inertia of the homogeneous sphere, R is the sphere
radius, E, is the x-component of the contact force, and t is the duration of the impact. The classical
solution of the system of the equations (1) and (2) can be obtained with using of the rolling condition
(18]

vy + wR = 0. (3)

The classical solution provides the velocity component 7, and the cyclic frequency @ after the
impact in the form [18]

_ 5 2
Ux = ;vxo - ;R(l)o ) (4)
5 =2 _ S0x0
W =Wy == (5)
The change of kinetic energy due to the collision will be

_ I,
AE = Z (5% — vio) +5(@° — 0§) = =7 (vxo + Rw)? . (6)

It can be seen from (6) that the impact is not absolutely elastic, since the mechanical energy is
not conserved (its change is negative). Note that the solutions (4) and (5) do not contain material
parameters of the shear modulus type, but depend only on the initial conditions. This will occur only
for a narrow range of parameters and in most practical cases will be incorrect, because the kinematic
condition (3) cannot be valid throughout the whole contact and the assumption of its validity at the
moment of detachment from the surface is arbitrary and unjustified. In fact, condition (3) can only
be correct at one time during the contact because of the elastic properties of the ball. The behavior
of the system is much more complicated than the description given by the classical solution in [18].

3. Results
3.1 Simulations

The comprehensive simulations of the collision of an elastic spherical body with an elastic half-
space with a fixed coefficient of friction between the contacting surfaces have been carried out in
[30]. Here we give a brief description of the simulation procedure. Note, that we restrict ourselves
on the contact between a rigid sphere and an effective elastic half-space with the effective moduli

1 1-v?  1-v3
1_1v 1 (7)
E* Ey Ey

1 _ 2—1/1 2—V2

G 4G, | 4G, (8)

Nevertheless, the more general problem exhibits no additional features. The normal and
tangential displacements of the center of gravity of the spherical body are denoted as u, (down-
directed) and u, (directed to the right along the motion, see Figure 1), the normal and tangential
forces as Fy (direction coincides with the direction of u,) and Fy (direction coincides with u,). Then,
the equations of motion for the sphere are written in the form [18]

mﬁz = _FNI (9)
1§ = —F;R, (11)
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where ¢ is the angle of rotation of the sphere, the change of which determines the angular
velocity through the relation ¢ = w; Fy is the friction force (x-component of the contact force). To
model the normal and tangential contact in the collision, we will use the Method of Dimensionality
Reduction (MDR) [28]. Within MDR, the following steps need to be done: First, the three-dimensional
elastic half-space is replaced by a linearly elastic foundation consisting of an array of independent
springs with a distance Ax between them, how it is shown in Figure 2.

z

i

g

Fig. 2. Schematic representation of the MDR transformation from the real 3D indenter profile f(r) to the 1D
equivalent profileg(x)

For each individual spring, the values of tangential and normal stiffness are calculated as

Ak, = E*Ax, (12)

Ak, = G*Ax. (13)

In the next step, the axisymmetric three-dimensional profile z = f(r) is transformed into a flat
profile g(x) according to the rule

9@ =zl [} Lsar. (14)

Finally, the transformed flat profile is brought into contact with the elastic foundation and moved
according to the desired (enforced or resulting) protocol. It was shown in [28], that the relations of
the MDR model between the contact forces, displacements and contact radii reproduce the three-
dimensional solution. The solution of the contact problem within the framework of the MDR has the
same accuracy as the solution of Cattaneo [32] and Mindlin [20]: there is an error in the case of an
arbitrary value of Poisson's ratio; however, it is insignificant [33].

For a sphere of radius R the profile in the vicinity of the contact has the form

2
fo) =3 (15)
According to (14) this function corresponds to a one-dimensional profile

2
gx) ==~ (16)

If the vertical displacement of the center of mass u, is measured from the first moment of
contact, it will coincide with the indentation depth; the vertical displacement of a spring in the elastic
base inside the contact area at the point x; is defined as

Uy (x;) = u; — g(x;) = 0. (17)
The contact radius a is determined by the condition

t,(a) =u, —g(a) = 0. (18)
To solve the tangential contact problem first the increment

dii, (x;) = du, + Rde (19)
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is added at each time step to the horizontal displacement of the springs. After that the no-slip
condition (resulting from a local Coulomb law for the spring forces)

UE*ﬁz(xi) 2 |G*ax(xi)| (20)

is checked for all springs at each iteration to account for local slip. For all slipping springs, violating
the condition (20), a new displacement value is set,

iy () = + 22, (21)

where the sign coincides with the sign i, (x;) in expression (20), i.e. before assigning the new
value. After that, the normal and tangential forces are calculated by summation

Fy = E*"Ax Ycone  Uy(xy), (22)

Fr = G*Ax Ycone T (7). (23)

Since Fy and F are now determined, we can numerically solve the system of equations (9)—(11).

In the course of a numerical experiment, the function P(y, @) is defined in [30]; its values allow
finding the velocity and the cyclic frequency of the ball after the collision if the analogous quantities

are known prior to the impact. This function is written as follows:
7 vx—Dx__ 7 R(w-0)

Py, a) = 2 Vyo+RW 5 Vyo+Rwg’ (24)
x0 0 x0 0
where the coefficient of friction u enters (24) through the parameter « [30]:
_ UVzo
a(p) = ——— (25)

|vxo+Rwol’
In (24) we also introduced the parameter [29]

,7 G*
Y =35 (26)

which takes into account the material characteristics of the contacting bodies. Note, that the
functions P(y,a) and a(u) are not defined for initial conditions (v,g + Rwy) = 0. In this case we
have pure normal contact, and therefore it is obvious, that v, = v, and w = wy. The change in the
kinetic energy AE of the colliding sphere due to the contact processes is given by the function

T(y,@) = —————— = [P(y,a)]? - 1. (27)

m(vxo+Rw)?

In simulating collision process, equations (9) — (11) were solved numerically by the explicit Euler
method.

Both panels in Figure 3 shows same dependencies P(y, @) obtained in the numerical experiment,
where the results of numerous computer experiments fall on a single surface, which makes it
universal.

From Figure 3 it follows that in the absence of friction (a¢ = 0), there is no energy dissipation
during the collision and P(y, @) = 1, which means, according to equations (24) and (4), (5) that v, =
Vyo and w = w,. Note that from equation (27), it follows that when P(y,a) = 1, the energy
dissipation AE is zero, which can also be seen from Figure 4, which demonstrates the energy
dissipation function T(y,a) (27). In opposite limit of infinite friction (a — <o), the solution
approaches the function P(y) obtained in [29], which is discussed further.

The function P(y, @) (24), shown in Figure 3, completely determines the behavior of the system.
This function is shown over a wide range of the parameter y (26). If the contacting bodies are made
of the same material or either one of them is rigid, then G*/E* = 2(1 —v)/(2 —v). Due to
thermodynamic stability Poisson’s ratio can only take values —1 < v < 0.5 [34]. Thus, the resulting
inequalities 2/3 < G*/E* < 4/3 lead to the following range of values of the dimensionless
parameter y for isotropic bodies:

1.52 <y < 2.16. (28)
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Note that some special materials can have the Poisson ratio beyond the classical region [35], but
here we do not consider such materials. During the contact of the ball with the half-space, different
friction modes with the presence of stick and slip phases are possible. These modes are set by two

critical values of the parameter a [30]:
2

Ae1 = 7(22],]/2_1)' (29)

A =272 (30)

Friction modes in a collision can be divided into three different scenarios (I, Il, and Ill). When the
friction is high a = a, (field 1), no-slip prevails in the contact during the compression stage of the
impact. Partial slippage (field 1) occurs in the intermediate interval a,; < a < a.,. And in the region
with low friction @ < a4 (field Ill) gross slip (total slip) is observed. We note that in the case of y = 1
both critical quantities coincide (a.; = @,), therefore, the above is valid only fory > 1, when a, >
a.1 (which corresponds to the actual region (28)). The areas |, Il and Il discussed above are shown in
the diagram in Figure 5.

Note that with increasing y, the critical value of a.;, which describes the transition between
partial slip and gross slip modes, becomes a.; = 1/7 = 0.143. It is shown in Figure 5 by horizontal
dashed line. Interesting that for y = 1 and a > a, = 2/7 = 0.286 the absolute value of P(y,a) =
—1, i.e. the impact would be completely conserving the kinetic energy. Within the actual range (28)
this, however, is impossible.

Figure 6(a) shows the dependence P(y, «) as a function of the parameter a (25) for 17 different
values of the parameter y (26) from the actual range of elastic parameters (28).

Figure 6(a) shows, that a universal behavior, independent of the value y, is observed for all curves
for small a. Here, all curves lie on a single straight line given by the equation [30]

P(y,a)=1-"7a. (32)

This is due to the fact that such parameter values a correspond to low friction, when gross slip
occurs throughout the contact (@ < a.q). As the value of a increases, the function P(y, a) deviates
from this straight line; it is clear from equation (29), that the point of first deviation from the straight
line depends on the value of y. After deviating from the linear behavior, all curves have a similar
behavior: first, the function P(y, @) continues to decrease, and then, upon reaching the minimum, it
increases (it is possible that the function has a local maximum) and converges towards a constant
value corresponding to complete adherence, when P(y, @) does not depend on a anymore and is
described by the approximation

P(y) » —1 + 2 exp{—0.195y} cos?[1.685(y — 0.061)], (32)

obtained in [29].

The above-described behavior for large a is well traced in the three-dimensional diagram in
Figure 3. Also, Figure 6(b) demonstrates, that the behavior for @ = 12 only insignificantly deviates
from the solution of complete adherence (32), i.e. with an infinite coefficient of friction.

Figure 6(a) also shows the dependencies for the critical values a.; and a.,. Therefore, for each
curve P(a) at a fixed y, it is possible to determine in which mode the impact occurs. Thus, when
P(a) represents a straight line, friction is low, and the gross slip regime | is realized (see Figure 5).
When P(a) start to deviate from this straight line, the partial slip region Il begins (see also Figure 5).
And when the dependence crosses the red solid line, the no-slip regime lll is realized (see diagram in
Figure 5). Note that the dashed lines in Figure 6(a) show the dependencies for a.,, but no P(«)
dependencies with fixed y are provided for these lines, as they are not within the considered range.
The left dashed line corresponds to the values y < 1.52, and the right dashed line corresponds to
the valuesy > 2.16.
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Note that these additional two dashed-lines have no sense without proper P(a) dependencies,
as they only show changing between regimes for concrete P(a) dependence at fixed y. However, by
the appearance of these lines, one can roughly understand the behavior of the function P(«) in the
range of y corresponding to these lines. Together, these two red dashed lines, along with the red
solid line, represent a single dependence for a, (30).

o
N)

P(y.a) legend values (from -1 to +1)

5
0 0.5 1 15 2 25 3 35 4 45 5

7
Fig. 3. Numerically calculated dependence P(y, @) (24) as a function of the parameters y (26) and a (25).
The resulting surface is the result of a large number of numerical experiments with a different set of initial
conditions, radii, elastic moduli, and the mass of a spherical body. Upper panel shows the 3D dependence
P(y, @), while the bottom panel shows values of the function P(y, @) as a 2D color map. There is a data file
for the plots (see supplementary information at the end of the article)

7(y.@) legend values (from -1 to 0)

0 05 1 15 2 25 3 35 4 45 5
y &

Fig. 4. Numerically calculated dependence T(y, @) (27) as a function of the parameters y (26) and « (25). The
resulting surface is the result of a large number of numerical experiments with a different set of initial
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conditions, radii, elastic moduli, and the mass of a spherical body. Upper panel shows the 3D dependence
T (y, &), while the bottom panel shows values of the function T (y, @) as a 2D color map. There is a data file

for the plots (see supplementary information at the end of the article)
30

10 I (no-slip) o,

IT (partial slip)

Q
IIII\Il

0.1

0.01 —
1 2 3 4 5 6 Y

Fig. 5. Diagram of collision modes with a finite friction coefficient. The actual area (28) lies within the interval
between the two dashed vertical lines

- (b)

1.6 1.7 1'8y1'9 221

Fig. 6. (a) The dependencies P(y, &) as a function of the parameter a (25) for fixed values y (26). The value y
varies from 1.52 to 2.16 with an interval 0.04. The direction of increase in y is shown by the arrow. The red
solid line shows the critical value ., (30) in the actual range of y values; dashed red lines indicate a,, values
outside this range. The solid orange line illustrates the dependence (31), which correspond to the critical
value a1 (29); (b) dependence of P(y, @) as a function of the parameter y (26) for fixed values a (25). The
lower 8 curves are constructed with increasing @ from 0.3 to 1.0 in increments of 0.1. Further, a increases
from 1to 12 in increments of 1.0. In the figure, the magnification direction a is indicated by an arrow. The
solid blue line shows the dependence corresponding to complete sticking in the contact zone [29]

3.2 Comparison with the experiment

In many experiments devoted to the study of collision dynamics, a quantity called the coefficient
of restitution is measured. It is the ratio of the velocities after and before the impact. Generally, the
restitution coefficients of the normal and tangential velocity components are measured separately.
We will consider the experiment carried out in [36], where the oblique elastic impact of a spherical
body onto a plane was investigated. The averaged value of the coefficient of normal restitution in the
experiments in [36] was about e,, = 0.98. In our simulations we will consider pure elastic impact, for
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which this coefficient is trivially e,, = 1. The coefficient of restitution for the tangential motion

depends on the collision conditions and is defined as
e =l (33)

Uxo
In Figure 7 the experimental results from the work [36] are shown with red circles.

1 0
| (a) = a (b)
£ 2100 |-
09 r ) .
=
" oo . -200 -
08 . ~ I
n 5 g =300 |- o s
= - = =
0.7 ~"en €-400 - 2 =
L L = "o"
Y =
0.6 - =500 i 0
I 1 -600 |- .
05 I 1 | | I | | | | I | I | 1 |
0 20 40 60 80 0 20 40 60 80
O(.O uo

Fig. 7. The tangential coefficient of restitution e; (33) (a) and the angular velocity w (b) as a function of the
slip angle a°. Red circles in both panels show experimental results from the work [36]. Brown curve 1 in the
panel (a) is an Eq. (38) which is calculated at u = 0.092 and normal restitution coefficient e, = 1.0. In both
panels, the solid blue curves represent the exact simulation results within the framework of the MDR
described above

Each experimental point in the Figure 7 was obtained by averaging at least 10 experiments with
fixed values of the initial velocity and the angle of incidence. In Figure 7(b) the circles represent the
direct measurements of the angular velocity, and the values indicated by the triangles are
determined by the formula [36]

5vgcosa’

w=>—" (1—ep), (34)

which follows from the rigid body theory of the oblique impact of a sphere on a flat surface [37,
38] and based on the experimental results shown in Figure 7(a). Since the data is obtained in the
regime without plastic effects, we can compare these results with the results of the numerical
experiments within the framework of the MDR described above. Namely, above we numerically
calculated the function P(y, @) (24), which allows us to determine all parameters of the collision.
Moreover, the variable y (26) takes into account the parameters of the colliding bodies, and «a (25)
describes the influence of the friction coefficient u. In Figure 7 the dependence of the restitution
coefficient of the tangential velocity component e; (33) and the cyclic rebound velocity w, with zero
initial rotation wy, = 0, are given. Both can be calculated, if the function P(y, @) is known. Using the
relations (4), (5) and (24), for w, = 0, we obtain:

2P(y,a)+5
= (V7a) , (35)
__5ygcosa’[P(y,a)—1] (36)
- 7R ’

where the radius of the sphere in the experimental setup [36] was R = 2.5- 1073 m, and the
initial velocity was vy = 3.9 m/s. The angle a® in formula (36) is the slip angle shown in Figure 1. The
value of the friction parameter a in the formulas (35), (36) depends on the slip angle a°. Thus, in the

case wy = 0 the parameter a is determined according to (25) as
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a(wyg=0)=putana’, (37)

where the friction coefficient in the experiment [36] is u = 0.092. Thus, using formulas (35), (36),
and varying the angle a°, it is possible to obtain the dependencies presented in Figure 7, if the form
of the function P(y,a) shown in Figure 3 and Figure 6 is known. Before the beginning of the
corresponding calculations it is necessary to determine the value of the parameter y (26), which
remains constant for the series of experiments, the results of which are shown in Figure 7. In [36],
the parameters of the used materials are not given, but the materials themselves are indicated. Thus,
sodium-calcium glass was used as the reflecting surface, and the reflected particle was made of
aluminum oxide. There is no more detailed data in the work, and the given data is insufficient for the
exact determination of the parameters, so we took typical values for these materials.

With parameter variation for different types of glasses and the percentage composition, the
results obtained vary insignificantly. Note, that the value of y has not been subject to optimization
to obtain best agreement between experiment and numerical model. For the glass used we assumed
E, = 7.3-10'° Pa and v, = 0.217; for aluminum oxide E; = 3.7 - 10! Pa, v; = 0.25 and density
p = 3970 kg/m3, it corresponds to a material containing 96% of Al, 05 at room temperature. This
set of parameters allows us to find E* (7) and G* (8), which are equal to E* = 6.42 - 1010 Pa, G* =
5.64 - 1010 Pa, which according to the formula (26) leads to the value ¥ = 1.754. This gamma value,
of course, falls within the range of relevant values (28).

The tangential component of the restitution coefficient e; and the cyclic frequency w are
calculated from formulas (35) and (36) and are shown by solid lines in Figure 7(a) and Figure 7(b), for
y = 1.754 and the parameter a according to the expression (37) for different angles. The figure
shows that the theoretical dependence obtained by us with great accuracy describes the
experimental data throughout the whole range of the incidence angle. There is an undeniable
advantage over the approximation

e =1—pu(l+e,tana’, (38)

given in the work [25], and shown in Figure 7(a) as curve 1, since it describes the behavior of the
system only at slip angles & < 63°. Once again we note that, since an elastic impact is considered,
the normal coefficient of restitution is e,, = 1.0. At the same time, the results obtained by us and the
approximation (38) ideally coincide in the domain of the latter ones applicability. It should be noted
that in the case of an unknown nature of the contacting bodies, the results of particle collision
experiments can be used to determine the elastic modulus of a material, for which it is possible to
use relations (35), (36), since the form of the function P(y, a) is known. On the other hand, when
using a sphere with specified parameters, it is possible to determine elastic parameters and the
friction coefficient for modified surfaces which are often used in industry [39, 40].

4. Conclusions

In the present paper we considered an experiment conducted by other authors on the collision
of an elastic aluminum alloy particle with a glass surface. The dependence of the restitution
coefficient of the tangential velocity component on the angle of incidence is studied in detail. The
obtained theoretical results with high accuracy coincide with the experiments. To this date, in
connection with the relevance of the problem under consideration in the study of granular dynamics,
there is a large number of experimental studies, in which collisions of bodies made of various
materials are studied. Using our results, we can accurately predict the behavior of colliding bodies in
the experiment. However, it is worth noting that here we only considered elastic impacts with a fixed
coefficient of friction between the contacting surfaces. We did not take into account such effects as
plastic deformation, adhesion forces between the contacting surfaces, surface roughness, the
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presence of inhomogeneities in bodies, the propagation of elastic waves, viscous friction in the air,
the relaxation of elastic energy in a viscoelastic body. Hence, a complete picture of the dynamics of
collisions is much more complicated, and there are still many unresolved issues. However, many of
them can be solved within the dynamic contact modeling method described in the article.

Supplementary Materials: Data file P_and_T.dat: contains calculated values of functions P(y, @)
(24) and T (y, @) (27), which were used to generate the plots in Figure 3 and Figure 4. The first column
in the data file represents y values, the second column — a values, the third column — P(y, @) values,
and the last column - T(y,a) values. (The data is available at the link:
https://doi.org/10.13140/RG.2.2.28748.88966).
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